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Abstract. We generalize Kifer’s results for the level-2 large deviation prin-
ciple (LDP) via periodic points beyond the classical specification setting. We

develop two complementary approaches. The first establishes the LDP under

the periodic almost specification property in the sense of Thompson. The sec-
ond uses Markov diagrams to prove the LDP for coding spaces of piecewise

monotonic interval maps. Both methods apply not only to β-shifts but also to

various non-specification systems, including S-gap shifts, the non-intrinsically
ergodic examples of Kwietniak-Oprocha-Rams, (α, β)-shifts, and generalized

β-shifts.
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1. Introduction

Large deviation theory provides a quantitative description of the expo-
nential rarity of atypical statistical behavior of orbits in dynamical systems.
We briefly recall the general notion of a large deviation principle. Let X be a
compact metrizable space and M(X) be a set of Borel probability measures
on X with the weak-topology. We say that a sequence of Borel probability
measure {Ωn}∞n=1 on M(X) satisfies a level-2 large deviation principle with
rate function q : M(X) → [−∞, 0] if q is upper semicontinuous, for every
closed subset K ⊂ M(X) we have

lim sup
n→∞

1

n
log Ωn(K) ≤ sup

µ∈K
q(µ),

and if for every open subset G ⊂ M(X) we have

lim inf
n→∞

1

n
log Ωn(G) ≥ sup

µ∈G
q(µ).

For expansive systems satisfying the specification property, level-2 LDPs
for Birkhoff averages were established by Takahashi [32] and Young [40].
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These results show that the fluctuations of orbit averages with respect to the
equilibrium measure satisfy an LDP with the thermodynamic rate function

q(µ) = h(µ) +

∫
φdµ− P (φ),

where h(µ) denotes the metric entropy of the invariant measure µ, and
P (φ) is the topological pressure of the continuous observable φ. This for-
mula reveals a deep connection between large deviations and the variational
principle for pressure.

Shortly afterward, Kifer [19] proved a periodic-orbit formulation of the
LDP under the classical specification property introduced by Bowen [3].
This viewpoint shows that the thermodynamic behavior of a system can
often be described in terms of its finite periodic structures.

Recently, this periodic-orbit perspective has been broadened to various
symbolic and smooth contexts; see Pollicott–Sridharan [26], Gelfert–Wolf
[13], Comman-Rivera-Letelier [9], and Takahasi [34]. Nevertheless, beyond
the specification setting, the existing general theory remains rather limited.
A canonical example is the β-shift introduced by Rényi [27], which fails
specification but still exhibits strong statistical regularity. However, even
for such systems, including the β-shift, a general large deviation principle
via periodic points has not yet been established.

Motivated by these developments, we first work in the symbolic setting,
focusing on subshifts over finite alphabets. Building on this line of research,
we develop two complementary approaches that extend Kifer’s periodic-
orbit LDP framework to systems without the specification property. In
particular, these approaches are applicable not only to β-shifts but also to
a broader class of subshifts without the specification property. The two
methods address different classes of systems.

The first approach relies on the periodic almost specification property, a
natural weakening of specification introduced by Thompson [33], which still
retains sufficient orbit-gluing structure to support thermodynamic analysis.
This allows us to treat systems such as β-shifts, topologically mixing S-gap
shifts [22], and examples of Kwietniak-Oprocha–Rams [21] that lack intrinsic
ergodicity.

The second approach studies the symbolic coding spaces of piecewise
monotonic maps via their Markov diagrams. Considering such coding spaces
is natural, an idea tracing back to Rényi [27] and Parry’s work on β-
transformations and later systematized by Hofbauer [15]. The main assumptions—
the density of periodic measures and the irreducibility of the diagram—
are classical in this setting. Under these hypotheses, the method yields a
periodic-orbit LDP, applicable not only to β-shifts but also to their natural
generalizations, including (α, β)-shifts and generalized β-shifts—that is, the
coding spaces of (α, β)-transformations [24] and generalized β-transformations [14].

To formulate our result, we introduce the following terminology. For a
subshift X over a finite alphabet and a continuous potential φ : X → R,
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we say that the pair (X,φ) satisfies a level-2 large deviation principle via
periodic points if the associated sequence of probability measures

Ωφ
n =

1∑
x∈Pn(X) e

Snφ(x)

∑
x∈Pn(X)

eSnφ(x) δEn(x),

onM(X) satisfies the level-2 LDP stated above. Here Pn(X) denotes the set

of periodic points of period n, Snφ(x) =
∑n−1

k=0 φ(σ
kx) is the n-th Birkhoff

sum, En(x) = 1
n

∑n−1
j=0 δσjx is the empirical measure associated with x, and

δy is a Dirac measure at y. The measure Ωφ
n thus represents the distribution

of periodic points weighted by the potential φ. Note that earlier results
mostly established this principle for Hölder potentials, whereas we show
that it holds for every continuous potential.

We now state our two main theorems; see Section 2 for the necessary
definitions.

Theorem A. (Almost-specification approach). Let X be a subshift
over a finite alphabet. If X satisfies the periodic almost specification prop-
erty, then for every continuous potential φ : X → R, (X,φ) satisfies a level-2
large deviation principle via periodic points with rate function qφ : M(X) →
[−∞, 0] expressed by

qφ(µ) =

{
h(µ) +

∫
φdµ− P (φ) (µ is invariant),

−∞ (otherwise).
(1.1)

This applies to β-shifts, topologically mixing S-gap shifts, and examples
of Kwietniak-Oprocha–Rams lacking intrinsic ergodicity.

Theorem B. (Markov-diagram approach). Let T : [0, 1] → [0, 1] be
a piecewise monotonic map with positive topological entropy and let X
denotes the coding space of T . Suppose that the following conditions hold:

(I) The set of periodic measures on the coding space X (of T ) is dense
in the set of ergodic measures on X;

(II) The associated Markov diagram of T is irreducible and has a unit
loop.

Then for every continuous potential φ : X → R, (X,φ) satisfies a level-2
large deviation principle via periodic points with rate function qφ : M(X) →
[−∞, 0] given by (1.1).

This provides a direct approach to periodic-orbit LDPs for the coding
spaces of non-Markov piecewise monotonic maps, including β-shifts, (α, β)-
shifts, and generalized β-shifts. In particular, this approach applies even
when symbolic structure alone does not guarantee gluing properties, as in
the case of (α, β)-shifts and generalized β-shifts, thereby establishing level-2
large deviations via periodic points in these systems.

Remark 1.1. Level–2 large deviation principles for Birkhoff averages be-
yond the specification setting have been established in several works (e.g.



4 K. YAMAMOTO

[6, 8, 25, 29]). These results, however, do not imply the periodic–orbit LDP
established in this paper, as the two formulations are of a different nature.
For instance, a system may satisfy a Birkhoff–average LDP while the peri-
odic–orbit LDP fails (see Remark 4.1).

Most existing results on the periodic–orbit LDP rely on a functional ap-
proach and typically assume that the potential admits a unique equilibrium
state. In contrast, our topological approach applies not only beyond the
specification property but also to arbitrary continuous potentials, possibly
allowing multiple equilibrium states.

Remark 1.2. A preliminary version of part of this work appeared in an ear-
lier non-refereed note by the present author [39], where the periodic-orbit
LDP was established only for β-shifts. The present paper extends that
non-refereed note by developing two general approaches to large deviation
principles via periodic points (Theorems A and B) and applying them to
a broader class of dynamical systems, including S-gap shifts, (α, β)-shifts,
generalized β-shifts, and non-intrinsically ergodic subshifts in the sense of
Kwietniak–Oprocha–Rams. These examples illustrate that the present re-
sults extend large deviation principles to systems beyond the specification
setting.

The remainder of this paper is organized as follows. Section 2 recalls
fundamental definitions and known results from symbolic dynamics and the
theory of piecewise monotonic maps, including the notions of (periodic)
almost specification and the Markov diagram construction. Section 3 pro-
vides the proofs of the two main theorems. Subsection 3.1 establishes the
level-2 large deviation principle via periodic points for subshifts with the
periodic almost specification property, thereby proving Theorem A. Subsec-
tion 3.2 develops the Markov-diagram approach and completes the proof
of Theorem B for coding spaces of piecewise monotonic maps. Section 4
discusses concrete applications of these results, including β-shifts, S-gap
shifts, non-intrinsically ergodic examples of Kwietniak–Oprocha–Rams, and
the symbolic coding spaces of (α, β)- and generalized β-transformations.

2. Definitions and known facts

2.1. Symbolic dynamics. Let N0 denote the set of nonnegative integers
and Z the set of all integers. For a finite or countable alphabet A, we write
AN0 and AZ for the one-sided and two-sided full shifts over A, respectively,
each endowed with the product topology. Here the alphabet A is equipped
with the discrete topology. We denote by σ the (left) shift map on both
spaces. A closed, shift-invariant subset Σ ⊂ AN0 (resp. Σ ⊂ AZ) is called a
one-sided (resp. two-sided) subshift. Since the two-sided case can be handled
analogously up to notational modifications, we shall primarily work with
one-sided subshifts in what follows. Unless otherwise stated, all definitions,
propositions, lemmas, and proofs are given for the one-sided case, and the
two-sided versions are completely analogous.
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A subshift Σ is called a Markov shift (or topological Markov shift) if there
exists a matrix M = (Ma,b)(a,b)∈A2 with entries in {0, 1} such that

Σ = {(xi)i≥0 ∈ AN0 : Mxi,xi+1 = 1, for all i ≥ 0}.

In this case, we also say that Σ is a Markov shift with an adjacency matrix
M .

For a subshift Σ, its language is defined by

L(Σ) := {x0x1 · · ·xn−1 : (xi)i ∈ Σ, n ≥ 1},

and for each w ∈ L(Σ), the associated cylinder is

[w] := {x ∈ Σ : x0 · · ·x|w|−1 = w},

where |w| denotes the length of w. For n ≥ 1, we write

Ln(Σ) := {w ∈ L(Σ) : |w| = n}

for the set of all admissible words of length n. For u, v ∈ L(Σ), we use the
concatenation uv to denote the word obtained by joining them. We say that
Σ is topologically transitive if for any u, v ∈ L(Σ) there exists w ∈ L(Σ)
such that uwv ∈ L(Σ). We say that Σ is topologically mixing if for any
u, v ∈ L(Σ), there exists an integer N ≥ 1 such that for any n ≥ N , there
exists w ∈ L(Σ) with |w| = n such that uwv ∈ L(Σ).

We denote by M(Σ) the set of all Borel probability measures on Σ en-
dowed with the weak topology, by Mσ(Σ) ⊂ M(Σ) the set of σ-invariant
ones, and by Me

σ(Σ) ⊂ Mσ(Σ) the set of ergodic ones. Throughout this
paper, we denote by h(µ) the metric entropy of µ ∈ Mσ(Σ).

Hereafter in this subsection, we restrict our attention to subshifts X over
a finite alphabet A.

For n ≥ 1, let

Pn(X) := {x ∈ X : σnx = x}
be the set of all periodic points of period n. For x ∈ X, we define its
empirical measure by

En(x) :=
1

n

n−1∑
j=0

δσjx,

where δy denotes the Dirac measure at y. For convenience, throughout this
paper we regard En as a map from X to M(X), and use the notation

E−1
n (A) := {x ∈ X : En(x) ∈ A}

for n ≥ 1 and A ⊂ M(X). If x ∈ Pn(X) for some n ≥ 1, then En(x) is
called the periodic measure, and we denote by Mp

σ(X) the set of all such
measures.

Denote by C(X) the set of real-valued continuous functions onX endowed
with the supremum norm ∥φ∥ := sup{|φ(x)| : x ∈ X}. Fix a countable dense
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subset {φn}n≥1 ⊂ C(X), and define a compatible metric D on M(X) by

D(µ, ν) :=
∞∑
n=1

1

2n+1 ∥φn∥

∣∣∣∣∫ φn dµ−
∫

φn dν

∣∣∣∣ .
This metric generates the weak topology on M(X), and (M(X), D) is com-
pact since X is a subshift over a finite alphabet.

For φ ∈ C(X) and n ≥ 1, we write

Snφ(x) :=
n−1∑
j=0

φ(σjx).

The topological pressure for φ ∈ C(X) is defined by

P (φ) := lim sup
n→∞

1

n
log

∑
w∈Ln(X)

exp

(
sup
x∈[w]

Snφ(x)

)
. (2.1)

The topological pressure satisfies the usual variational principle:

P (φ) = sup
µ∈Mσ(X)

(
h(µ) +

∫
φdµ

)
. (2.2)

An invariant measure µφ ∈ Mσ(X) is called an equilibrium state for φ if
it attains the above supremum. In particular, when φ ≡ 0, the pressure
reduces to the topological entropy, P (0) = htop(X), and the equilibrium
states coincide with the measures of maximal entropy.

2.2. Almost specification property. In this subsection we recall Bowen’s
classical specification property, which forms the foundation of many results
in thermodynamic formalism. We then employ weakened versions of the
specification property—specifically, the almost specification property intro-
duced by Thompson and its periodic analogue—which play a central role in
the proof of Theorem A. Throughout this subsection, let X be a subshift
over a finite alphabet. The classical specification property was introduced
by Bowen [3], and we recall the definition below.

Definition 2.1. We say that X satisfies the specification property if there
exists an integer M ≥ 0 such that for any finite collection of words w(1),
w(2), . . . , w(k) ∈ L(X), there exist words v(1), v(2), · · · , v(k−1) ∈ LM (X) such
that

v = w(1)v(1)w(2)v(2) · · ·w(k−1)v(k−1)w(k) ∈ L(X).

If the cylinder set [v] contains a periodic point with period |v|+M , then we
say that X satisfies the periodic specification property.

We say that a subshift X is sofic if X is a topological factor of a Markov
shift over a finite alphabet; that is, there exists a continuous surjection
π : Y → X with σ ◦ π = π ◦ σ, where Y is such a Markov shift. It is
known that every topologically mixing sofic shift satisfies the periodic spec-
ification property (see, for example, [10, Propositions (21.2) and (21.4)]).
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Subsequently, Thompson [36] introduced the notion of the almost specifi-
cation property. This notion generalizes the classical specification property
by allowing a vanishing proportion of “mistakes.” To quantify such devi-
ations, we use the Hamming distance between finite words: for two words
u = u0u1 · · ·un−1 and v = v0v1 · · · vn−1 of the same length n, let

dH(u, v) := #{ 0 ≤ i < n : ui ̸= vi }.

We now recall the definition of the almost specification property.

Definition 2.2. We say that X satisfies the almost specification prop-
erty if there exists a mistake function g : N → N such that g(n)/n → 0
as n → ∞ and the following holds: for any finite collection of words
w(1), w(2), . . . , w(k) ∈ L(X), there exist words v(1), v(2), . . . , v(k) ∈ L(X) such
that

• |w(i)| = |v(i)| for every i;

• dH(w(i), v(i)) ≤ g(|w(i)|) for all i; and
• the concatenation v = v(1)v(2) · · · v(k) belongs to L(X).

If the cylinder set [v] contains a periodic point with period |v|, then we say
that X satisfies the periodic almost specification property.

It is straightforward to see that the (resp. periodic) specification property
implies the (resp. periodic) almost specification property.

In the remainder of this subsection, we recall several known results that
will be needed for the proof of Theorem A.

Proposition 2.3. ([25, Proposition 2.1]). Let µ ∈ Me
σ(X) and ϵ > 0. Then

there exists δ > 0 such that for every neighborhood G ⊂ M(X) of µ, there
exists a subset Γ ⊂ E−1

n (G) satisfying:
• #Γ ≥ en(h(µ)−ϵ);
• for any distinct (xi)i, (yi)i ∈ Γ, dH(x0x1 · · ·xn−1, y0y1 · · · yn−1) > δn.

The following proposition is derived from a small modification of [38,
Theorem 1.2].

Theorem 2.4. ([38, Theorem 1.2]). Suppose that X satisfies the periodic
almost specification property. Then for any φ ∈ C(X),

P (φ) = lim
n→∞

1

n
log

∑
x∈Pn(X)

eSnφ(x)

holds.

Theorem 2.5. ([25, Theorem 2.1]). Suppose that X satisfies the almost
specification property. Then for any ϵ > 0, any µ ∈ Mσ(X), and any
neighborhood G ⊂ M(X) of µ, there exists an ergodic measure ν ∈ G such
that h(ν) ≥ h(µ)− ϵ.
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2.3. Markov diagram for piecewise monotonic maps. We next re-
call the Markov diagram construction for piecewise monotonic maps, which
provides a symbolic representation of such systems, via countable Markov
shifts. We say that T : [0, 1] → [0, 1] is a piecewise monotonic map if there
exist k ≥ 1 and points

0 = c0 < c1 < · · · < ck < ck+1 = 1

such that T |(cj ,cj+1) is strictly monotonic and continuous for each 0 ≤ j ≤ k.
For such a map T , we define

XT :=
⋂
n≥0

T−n

 k⋃
j=0

(cj , cj+1)

 ,

and the coding map I : XT → {0, . . . , k}N0 by

(I(x))n = j iff Tn(x) ∈ (cj , cj+1).

We denote by ΣT the closure of I(XT ) in {0, . . . , k}N0 , and call ΣT the
coding space of T .

Following Hofbauer, we recall the construction of the Markov diagram.
Let C ⊂ ΣT be a closed subset contained in the cylinder [j] for some 0 ≤
j ≤ k. A non-empty closed subset D ⊂ ΣT is said to be a successor of C if
D = [l] ∩ σ(C) for some 0 ≤ l ≤ k. We write C → D when D is a successor
of C.

Define inductively a collection of vertices:

D0 := {[0], . . . , [k]}, Dn+1 := Dn ∪ {D : C → D for some C ∈ Dn},

and let DT :=
⋃

n≥0 Dn. Then DT is at most countable since Dn is finite

for each n ≥ 0. The oriented graph (DT ,→) is called the Markov diagram
of T . For notational simplicity, we use the notation D instead of DT if no
confusion arises.

For C ⊂ D, define the adjacency matrix M(C) = (MC,D)(C,D)∈C2 by

MC,D =

{
1 (C → D),

0 (otherwise).

Then

ΣC := {(Ci)i≥0 ∈ CN0 : Ci → Ci+1, i ∈ N0}
is a countable-state Markov shift with an adjacency matrix M(C). We say
that C is irreducible if for any C,D ∈ C, there exist an integer n ≥ 1 and
C0, · · · , Cn ∈ C such that C0 = C, Cn = D and Ci → Ci+1 holds for 0 ≤ i ≤
n− 1. In this case, ΣC is topologically transitive. When, in addition, there
exists C ∈ C such that C → C, we say that C is irreducible with a unit loop;
in that case, ΣC is topologically mixing.

Define a projection

Ψ : ΣD → {0, . . . , k}N0 , Ψ((Ci)i) = (xi)i,
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where xi is the unique integer such that Ci ⊂ [xi]. Then it is straightforward
to see that Ψ is continuous, countable-to-one, and satisfies Ψ(ΣD) = ΣT and
σ ◦Ψ = Ψ ◦ σ.

We say that µ ∈ Me
σ(ΣT ) is liftable if there exists µ̄ ∈ Me

σ(ΣD) such
that µ = µ̄ ◦Ψ−1. Although Ψ is surjective, not every invariant measure is
liftable in general. Hofbauer gave a sufficient condition for liftability, which
we recall here.

Lemma 2.6. ([15, Lemma 3]). Let µ ∈ Me
σ(ΣT ). If µ has positive metric

entropy or if µ is a periodic measure, then µ is liftable.

We next recall Takahasi’s recent entropy-approximation theorem for topo-
logically transitive countable Markov shifts.

Theorem 2.7. ([33, Main Theorem]). Let Σ be a Markov shift over a
countable alphabet. Then for any ϵ > 0, any µ̄ ∈ Mσ(Σ) with h(µ) < ∞
and any neighborhood G ⊂ M(Σ) of µ, there exist a subshift Σ′ ⊂ Σ over
a finite alphabet and an ergodic measure ν ∈ G such that h(ν) ≥ h(µ) − ϵ
and ν(Σ′) = 1.

Finally, we recall the entropy-approximation result from [6] for piecewise
monotonic maps under the assumption of Theorem B.

Proposition 2.8. ([6, Proposition 3.1]). Let T : [0, 1] → [0, 1] be as in
Theorem B and let ΣT denote the coding space of T . Then for any ϵ > 0,
any µ ∈ Mσ(ΣT ) and any neighborhood G of µ, there exists an ergodic
measure ν ∈ G such that h(ν) ≥ h(µ)− ϵ.

3. Proofs

In this section we prove Theorems A and B. The following known results
will be used repeatedly in their proofs.

Theorem 3.1. ([13, Theorem 6]). Let X be a subshift on a finite alphabet.
Then for any φ ∈ C(X) and any closed subset K ⊂ Mσ(X), we have

lim sup
n→∞

1

n
log

∑
x∈Pn(X)∩E−1

n (K)

eSnφ(x) ≤ sup
µ∈K

(
h(µ) +

∫
φdµ

)
.

3.1. Proof of Theorem A. In this subsection we present the proof of
Theorem A.

Proposition 3.2. Let X be a subshift over a finite alphabet and let φ ∈
C(X). Suppose that X satisfies the periodic almost specification property.
Then for any µ ∈ Me

σ(X) and any open neighborhood G of µ, we have

lim inf
n→∞

1

n
log

∑
x∈Pn(X)∩E−1

n (G)

eSnφ(x) ≥ h(µ) +

∫
φdµ.
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Proof. Given any ϵ > 0, choose γ > 0 sufficiently small so that B(µ, 2γ) ⊂ G
and for all ν ∈ B(µ, 2γ), ∣∣∣∣∫ φdµ−

∫
φdν

∣∣∣∣ ≤ ϵ,

where B(µ, 2γ) := {ν ∈ M(X) : D(µ, ν) ≤ 2γ}.
By Proposition 2.3, there exist δ > 0 and N ∈ N such that for any

n ≥ N , there exists a subset Γ ⊂ E−1(B(µ, 2γ)) satisfying #Γ ≥ en(h(µ)−ϵ)

and dH(x0x1 · · ·xn−1, y0y1 · · · yn−1) > δn for any distinct (xi)i, (yi)i ∈ Γ.
Let g : N → N be as in the definition of the periodic almost specifica-

tion property. By [8, Lemma 2.8], further enlarging N if necessary, for
any n ≥ N , we have g(n) ≤ δn, and for any x = (xi)i, y = (yi)i ∈ X,
D(En(x), En(y)) ≤ γ and |Snφ(x)− Snφ(y)| ≤ ϵn whenever

dH(x0x1 · · ·xn−1, y0y1 · · · yn−1) ≤ g(n).

By the periodic almost specification property, for each z = (zi)i ∈ Γ,
there exists a periodic point z∗ = (z∗i )i ∈ Pn(X) such that

dH(z0z1 · · · zn−1, z
∗
0z

∗
1 · · · z∗n−1) ≤ g(n). (3.1)

Then for each z ∈ Γ, we have

D(µ, En(z∗)) ≤ D(µ, En(z)) +D(En(z), En(z∗)) ≤ 2γ. (3.2)

and hence z∗ ∈ E−1(B(µ, 2γ)) ⊂ E−1
n (G).

By the equations (3.1) and (3.2), and the property of Γ, the map

z ∈ Γ 7→ z∗ ∈ Pn(X) ∩ E−1
n (G)

is injective and Snφ(z
∗) ≥ Snφ(z) − ϵn holds for any z ∈ Γ. Therefore we

obtain ∑
x∈Pn(X)∩E−1

n (G)

eSnφ(x) ≥
∑
z∈Γ

eSnφ(z∗)

≥
∑
z∈Γ

eSnφ(z)−ϵn

≥
∑
z∈Γ

en(
∫
φdµ−2ϵ)

= #Γen(
∫
φdµ−2ϵ)

≥ en(h(µ)+
∫
φdµ−3ϵ).

This completes the proof. □

We now prove Theorem A. Let (X,φ) be as in Theorem A. The upper
bound

lim sup
n→∞

1

n
log Ωφ

n(K) ≤ sup
µ∈K

qφ(µ) (K ⊂ M(X) : closed)

follows directly from Theorems 2.4 and 3.1.
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Let G ⊂ M(X) be an open subset and fix µ ∈ G. In what follows, we
show that

lim inf
n→∞

1

n
log Ωφ

n(G) ≥ qφ(µ). (3.3)

If µ is not σ-invariant, then qφ(µ) = −∞ so we may, without loss of gen-
erality, assume that µ ∈ Mσ(X). Given any ϵ > 0, choose a neighborhood
G† ⊂ G of µ such that |

∫
φdµ−

∫
φdν| ≤ ϵ for any ν ∈ G†. Since X satisfies

the almost specification property, Theorem 2.5 guarantees the existence of
an ergodic measure ν ∈ G† such that h(ν) ≥ h(µ)− ϵ.

Hence, by Propositions 2.4 and 3.2,

lim inf
n→∞

1

n
log Ωφ

n(G) = lim inf
n→∞

1

n
log

∑
x∈Pn(X)∩E−1

n (G)

eSnφ(x) − P (φ)

≥ h(ν) +

∫
φdν − P (φ)

≥ h(µ) +

∫
φdµ− P (φ)− 2ϵ.

Since ϵ > 0 is arbitrary, inequality (3.3) follows, completing the proof of
Theorem A.

3.2. Proof of Theorem B. In this subsection we prove Theorem B. Its
proof relies essentially on the following proposition, which provides a bridge
between the density of periodic measures and the construction of suitable
subshifts.

Proposition 3.3. Let T : [0, 1] → [0, 1] be as in Theorem B and let ΣT

denote the coding space of T . Let φ ∈ C(ΣT ). Then for any ϵ > 0, any
µ ∈ Me

σ(ΣT ), and any neighborhood G of µ, there exists a subshift Y ⊂ ΣT

such that

• Y satisfies the periodic specification property;
• P (φ|Y ) ≥ P (φ) − 2ϵ, where φ|Y denotes the restriction of φ with
respect to Y ;

• there exists an ergodic measure ν ∈ G such that h(ν) ≥ h(µ)− ϵ and
ν(Y ) = 1.

Proof. Since σ is expansive, there is an ergodic equilibrium statem such that
P (φ) = h(m) +

∫
φdm. Choose δ > 0 so small that D(m, ρ) ≤ 2δ implies

|
∫
φdm −

∫
φdρ| ≤ ϵ. Choose m⋄ as follows: set m = m⋄ if h(m) > 0, and

otherwise take m⋄ ∈ Mp
σ(X) with D(m,m⋄) ≤ δ if h(m) = 0 by using the

assumption Me
σ(ΣT ) is dense in Me

σ(ΣT ). Then it is clear that h(m) =
h(m⋄), and by Lemma 2.6 m⋄ is liftable. Hence there is a m̄⋄ ∈ Me

σ(ΣD)
such that m⋄ = m̄⋄ ◦ Ψ−1. Since ΣD is a topologically transitive countable
Markov shift, it follows from Theorem 2.7 that there exist a finite set F1 ⊂ D
and an ergodic measure m̄∗ on ΣF1 such that denoting m∗ := m̄∗ ◦Ψ−1, we
have D(m⋄,m∗) ≤ δ (hence D(m,m∗) ≤ 2δ), h(m∗) ≥ h(m⋄)− ϵ = h(m)− ϵ
and m∗(Ψ(ΣF1)) = 1.
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Similarly, we may find a finite subset F2 ⊂ D and an ergodic ν ∈ G such
that h(ν) ≥ h(µ) − ϵ and ν(Ψ(ΣF2)) = 1. Since the Markov diagram D
possesses a unit loop, there is a vertex C ∈ D such that C → C. Since D
is irreducible and both F1 and F2 are finite, there exists a finite irreducible
subset F ⊂ D which contains F1 ∪ F2 ∪ {C}. Since F is finite and C ∈ F ,
Y := Ψ(ΣF ) is a topologically mixing sofic shift, which implies that Y
satisfies the periodic specification property. Since m∗(Y ) ≥ m∗(Ψ(ΣF1)) =
1, we have m∗(Y ) = 1. Hence the classical Variational Principle 2.2 implies
that

P (φ|Y ) ≥ h(m∗) +

∫
φdm∗ ≥ h(m) +

∫
φdm− 2ϵ = P (φ)− 2ϵ.

Similarly, we have ν(Y ) = 1, which proves the proposition. □

Remark 3.1. The main idea behind Proposition 3.3 can be summarized as
follows. Given an ergodic invariant measure or an equilibrium state, we
approximate it by periodic measures when necessary so that it becomes
liftable to a countable Markov extension. This use of the density of pe-
riodic measures is essential: measures with positive entropy are liftable,
whereas those with zero entropy are not in general, and periodic approxi-
mation guarantees liftability through Lemma 2.6. After this step, Takahasi’s
entropy-approximation theorem is applied to the lifted measures to construct
a subshift Y with suitable properties. In particular, the density of periodic
measures plays a crucial role in ensuring the success of this scheme.

We note that Propositions 3.4 and 3.5 are analogous to Propositions 2.2
and 3.2, which were used in the proof of Theorem A under the almost
specification approach. Here, they serve as the corresponding ingredients
for Theorem B based on the Markov diagram approach.

Proposition 3.4. Let T be as in Theorem B and let ΣT denote the coding
space of T . Then for any φ ∈ C(ΣT ), we have

P (φ) = lim
n→∞

1

n
log

∑
x∈Pn(ΣT )

eSnφ(x).

Proof. The inequality lim sup
n→∞

1

n
log

∑
x∈Pn(ΣT )

eSnφ(x) ≤ P (φ) easily follows

from the definition (2.1) of P (φ).
On the other hand, by Proposition 3.3 for any ϵ > 0, we can find a

subshift Y ⊂ ΣT such that Y satisfies the periodic specification property and
P (φ|Y ) ≥ P (φ) − 2ϵ. Since Y satisfies the periodic specification property,
by Proposition 2.4, we have

P (φ|Y ) = lim
n→∞

1

n
log

∑
x∈Pn(Y )

eSnφ(x).
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Hence

lim inf
n→∞

1

n
log

∑
x∈Pn(ΣT )

eSnφ(x) ≥ lim
n→∞

1

n
log

∑
x∈Pn(Y )

eSnφ(x) = P (φ|Y ) ≥ P (φ)−2ϵ,

which proves the proposition. □

Proposition 3.5. Let T be as in Theorem B and let ΣT denote the coding
space of T . Then for any µ ∈ Me

σ(ΣT ) and any open neighborhood G ⊂
M(X) of µ, we have

lim inf
n→∞

1

n
log

∑
x∈Pn(ΣT )∩E−1

n (G)

eSnφ(x) ≥ h(µ) +

∫
φdµ.

Proof. By Proposition 3.3, there exist a subshift Y ⊂ ΣT and an ergodic
measure ν ∈ G such that Y satisfies the periodic specification property,
P (φ|Y ) ≥ P (φ) − 2ϵ, h(ν) ≥ h(µ) − ϵ and ν(Y ) = 1. Since Y satisfies the
periodic specification property, Proposition 3.2 implies that

lim inf
n→∞

1

n
log

∑
x∈Pn(Y )∩E−1

n (G)

eSnφ(x) ≥ h(ν) +

∫
φdν.

Hence we have

lim inf
n→∞

1

n
log

∑
x∈Pn(ΣT )∩E−1

n (G)

eSnφ(x) ≥ lim inf
n→∞

1

n
log

∑
x∈Pn(Y )∩E−1

n (G)

eSnφ(x)

≥ h(ν) +

∫
φdν

≥ h(µ) +

∫
φdµ− 2ϵ,

which proves the proposition. □

Now we give a proof of Theorem B. Let T : [0, 1] → [0, 1] be as in Theorem
B and let ΣT denote the coding space of T . The upper bound

lim sup
n→∞

1

n
log Ωφ

n(K) ≤ sup
µ∈K

qφ(µ) (K ⊂ M(ΣT ) : closed)

follows directly from Theorems 2.4 and 3.1.
Let G ⊂ M(ΣT ) be an open subset and fix µ ∈ G. In what follows, we

show that

lim inf
n→∞

1

n
log Ωφ

n(G) ≥ qφ(µ). (3.4)

If µ is not σ-invariant, then qφ(µ) = −∞ so we may, without loss of gener-
ality, assume that µ ∈ Mσ(ΣT ). Given any ϵ > 0, choose a neighborhood
G† ⊂ G of µ such that |

∫
φdµ−

∫
φdν| ≤ ϵ for any ν ∈ G†. By the assumption

of Theorem B, Proposition 2.8 implies that there exists an ergodic measure
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ν ∈ G† such that h(ν) ≥ h(µ)− ϵ. Thus it follows from Propositions 3.4 and
3.5 that

lim inf
n→∞

1

n
log Ωφ

n(G) = lim inf
n→∞

1

n
log

∑
x∈Pn(ΣT )∩E−1

n (G)

eSnφ(x) − P (φ)

≥ h(ν) +

∫
φdν − P (φ)

≥ h(µ) +

∫
φdµ− P (φ)− 2ϵ.

Since ϵ > 0 is arbitrary, the desired inequality (3.4) follows, completing the
proof of Theorem B.

4. Applications

In this section, we apply Theorems A and B to several concrete systems.
We begin with the β-shift, a prototypical example beyond specification that
admits applications of both approaches. This example illustrates the inter-
section between the two frameworks, while the following subsections focus
separately on applications of Theorem A and Theorem B, respectively.

Example 4.1. (β-shifts). For β > 1, the β-transformation Tβ : [0, 1] →
[0, 1] is defined by

Tβ(x) =

βx (mod1), (x ̸= 1),

lim
y→1−0

(βy (mod1)), (x = 1),

and was introduced by Rényi [27]. The associated symbolic coding space Σβ

is called the β-shift.
It is well known that Σβ fails to satisfy the specification property for

Lebesgue-almost every β > 1 (see, e.g., [28]). Nevertheless, Thompson [36]
showed that every β-shift satisfies the periodic almost specification property.
Hence Theorem A applies to all β-shifts and yields a level-2 large deviation
principle via periodic points.

Let k ≥ 1 be a largest integer, which is less than β. To verify the as-
sumptions of Theorem B, consider the Markov diagram D associated with
the β-transformation. Although it is a well-known fact that D is irreducible,
we are not aware of a specific reference that explicitly states this. For com-
pleteness, we briefly outline a proof below. Indeed, one can show that for
any open interval I ⊂ [0, 1], there exist a positive integer n and an open
subinterval L ⊂ I such that Tn

β |L is strictly monotonic and continuous, and

Tn
β (L) = (0, 1). Hence by [6, Lemma 4.1], D is irreducible. By the definition

of Tβ, the leftmost monotonicity interval forms a full-branch. Consequently,
by the definition of the coding space, σ[0] = Σβ, which implies [0] → [0];
and hence the diagram possesses a unit loop. Here [0] denotes the 1-cylinder
of the corresponding symbolic space (rather than a bibliographic reference);
the same notation will also be used in Examples 4.5 and 4.6. Moreover,
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by a classical result of Sigmund [30, Theorem (ii)], the set of periodic mea-
sures Mp

σ(Σβ) is dense in the set of ergodic measures Me
σ(Σβ). Therefore,

the assumptions of Theorem B are also fulfilled, and Theorem B applies to
β-shifts as well.

Remark 4.1. Although the almost specification property for the systems
considered here is proved in Thompson [33], a careful reading of the proofs
therein shows that the periodic almost specification property also holds. We
therefore omit a detailed proof of this fact. The same observation applies to
the subsequent examples as well.

4.1. Applications of Theorem A. In this subsection, we further illustrate
Theorem A through symbolic dynamical systems satisfying the periodic al-
most specification property. Beyond the β-shift discussed in Example 4.1,
we consider representative examples such as the S-gap shifts and other re-
lated subshifts with non-unique equilibrium states. Such systems provide
important models for analyzing non-uniform specification behavior and the
non-uniqueness of equilibrium states in symbolic dynamics (see, for example,
[1, 2, 7, 18, 21, 20]).

Example 4.2. (S-gap shifts). Let S ⊂ N0 be an infinite set. The S-gap
shift is the two-sided subshift ΣS ⊂ {0, 1}Z defined by the rule that the
number of 0’s between consecutive 1’s is an integer in S. Equivalently, the
language of ΣS consists of all subblocks of words of the form

“0n110n21 · · · 0nk1” (ni ∈ S (1 ≤ i ≤ k), k ≥ 1).

The system ΣS is topologically mixing if and only if

gcd{n+ 1 : n ∈ S } = 1,

and it satisfies the specification property if and only if

sup
i≥1

(mi+1 −mi) < ∞, where S = {m1 < m2 < · · · }

(see [18, Example 3.4] for instance). Thus there exist many choices of S for
which ΣS is topologically mixing yet fails to have the specification property.

In fact, it is known that every topologically mixing S-gap shift possesses
the periodic almost specification property (see [8, Remark 5.1] for instance).
Hence, by Theorem A, every topologically mixing S-gap shift satisfies a
level-2 large deviation principle via periodic points.

Remark 4.2. If the S-gap shift ΣS is not topologically mixing, that is, p =
gcd{n+1 : n ∈ S } > 1, then every periodic orbit of ΣS has minimal period
divisible by p. In this case, the periodic-orbit LDP does not hold, since only
multiples of p occur as periods.

Recent work of Takahasi [35] shows that the Dyck shift, a classical ex-
ample of a subshift failing intrinsic ergodicity, nevertheless satisfies a level-
2 large deviation principle via periodic points. His result highlights that
strong large-deviation behavior can persist even when the system admits
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multiple measures of maximal entropy. In this context, Theorem A pro-
vides a complementary perspective. Indeed, Example 4.3 below yields an-
other non-intrinsically ergodic subshift beyond specification, obtained from
the construction of Kwietniak–Oprocha–Rams, and shows that the same
periodic-orbit LDP holds in this broader setting.

Example 4.3. (A non–intrinsically ergodic subshift). We recall a
construction due to Kwietniak–Oprocha–Rams [21] that yields a class of
subshifts without the specification property and with multiple measures of
maximal entropy, while still satisfying the periodic almost specification prop-
erty.

Fix integers p, q ≥ 2 and set

A := {1, . . . , p} × {0, . . . , q − 1} ∪ {(0, 0)},
which will be the alphabet. For a finite block

((a1, b1), . . . , (an, bn)) ∈ An

we write it in the two-row form[
a1 · · · an
b1 · · · bn

]
.

Let {Rn}n≥1 be an increasing sequence with Rn ⊂ {1, . . . , n}. For each
n ≥ 1 define the family Fn of blocks of the form[

0 a1 · · · an
0 b1 · · · bn

]
,

where 1 ≤ ai ≤ p, 0 ≤ b1, . . . , bn ≤ q − 1, and bj = 0 whenever j ∈ Rn. Put

F :=
⋃
n≥1

Fn ∪
{[

0
0

]}
.

Next set

M =

{[
a . . . a
b1 . . . bn

]
: 1 ≤ a ≤ p, 0 ≤ b1, . . . , bn ≤ q − 1, n ≥ 1

}
and define the language LR to be the set of all subblocks of words of the
form

“UV1 · · ·Vk” (U ∈ M, V1, · · · , Vk ∈ F , k ≥ 1).

Finally, let

XR := {x ∈ AZ : every finite subblock of x belongs to LR}.
Kwietniak–Oprocha–Rams show in [21, Proposition 4.6] that if, for ex-

ample,
Rn = {j ≤ n : j = k2 for some k ∈ N},

then the subshift XR satisfies the following properties:

(I) XR does not have the specification property;
(II) XR is not intrinsically ergodic (that is, there exist multiple ergodic

measures of maximal entropy);
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(III) XR satisfies the periodic almost specification property.

Since property (III) provides the periodic almost specification hypothesis
required in Theorem A, we may apply Theorem A to XR.

This yields a nontrivial family of symbolic systems for which a level-2
large-deviation principle via periodic points holds despite the failure of both
specification and intrinsic ergodicity; and thus provides a complementary
example to recent results obtained for other non-intrinsically ergodic systems
[35].

Example 4.4. (Full shift with multiple equilibrium states). In [20],
Kucherenko, Quas and Wolf constructed continuous (non-Hölder) potentials
on the two-sided full shift on two symbols which exhibit phase transitions
and, in particular, admit more than one ergodic equilibrium state; see [20,
Theorem 1].

Let φ be such a potential. Since the two-sided full shift has the periodic
specification property, Theorem A applies to (X,φ). Thus, even though
φ has multiple equilibrium states, a level-2 large deviation principle via
periodic points nevertheless holds.

This shows that the results apply beyond the Hölder setting and remain
valid even when the equilibrium state is not unique.

4.2. Applications of Theorem B. In this subsection, we illustrate Theo-
rem B through symbolic dynamical systems beyond the classical β-shift. It
is known that for Lebesgue almost every parameters (α, β) ∈ [0, 1)× (1,∞),
the (α, β)-shift fails to satisfy the specification property, and that, except for
continuous cases, the generalized β-shift also lacks specification for almost
every β > 1 (see [4, Main Theorem] for details). Nevertheless, these systems
satisfy the assumptions of Theorem B, and hence a level-2 large deviation
principle holds via periodic points. These systems are natural extensions of
the classical β-shift and thus provide representative examples where Theo-
rem B can be effectively applied. They have also been studied intensively
in recent years (see, for example, [5, 11, 12, 23, 31, 34]).

Example 4.5. ((α, β)-shifts). For β > 1 and 0 ≤ α < 1, the (α, β)-
transformation Tα,β : [0, 1] → [0, 1] is defined by

Tα,β(x) =

βx+ α (mod 1), (x ̸= 1),

lim
y→1−0

(βy + α (mod 1)), (x = 1),

and was introduced by Parry [24]. Let Σα,β denote the symbolic coding
space of Tα,β. Clearly, Σ0,β coincides with the β-shift.

It is known that if 0 ≤ α < 1 and β > 2, then the Markov diagram
associated with Tα,β is irreducible (see, for instance, [6, Example 4.1]). In
this case, the second monotonicity interval of Tα,β, counting from the left,
forms a full branch. Consequently, by the definition of the coding space, we
have σ[1] = Σα,β, which implies that [1] → [1]; hence the diagram possesses
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a unit loop. Furthermore, it is known that Mp
σ(Σα,β) is dense in Me

σ(Σα,β).
Hence both assumptions (I) and (II) of Theorem B are satisfied. There-
fore, by Theorem B, the (α, β)-shift Σα,β satisfies a level-2 large deviation
principle via periodic points.

Example 4.6. (Generalized β-shifts). Let β > 1 and k be a smallest
integer, which is greater than or equal to β, and fix E = (E1, . . . , Ek) ∈
{+1,−1}k. We partition [0, 1] into k intervals

I1 := [0, 1/β), I2 := [1/β, 2/β), . . . , Ik := [(k − 1)/β, 1].

The generalized β-transformation Tβ,E : [0, 1] → [0, 1] was introduced by
Góra [14] and defined by

Tβ,E(x) =

{
βx− i+ 1 (x ∈ Ii, E(i) = +1),
−βx+ i (x ∈ Ii, E(i) = −1).

It is straightforward to verify that Tβ,E is continuous if and only if Ei ̸= Ei+1

for all 1 ≤ i < k. As mentioned at the beginning of this subsection, when
Tβ,E is discontinuous, that is, when Ei = Ei+1 for some i, the system fails
to satisfy the specification property for Lebesgue almost every β > 1. If
E = (−1, . . . ,−1), then we call Tβ,E a (−β)-transformation [17]. Let Σβ,E

denote the coding space of Tβ,E and call it the generalized β-shift.
Let β > 2. Arguing similarly to the proof of [5, Proposition 3.14], we can

show that for any open interval I ⊂ [0, 1], there exist a positive integer n
and an open subinterval L ⊂ I such that Tn

β,E |L is strictly monotonic and

continuous, and Tn(L) = (0, 1). Therefore, by [6, Lemma 4.1], the Markov
diagram associated with Tβ,E is irreducible. The leftmost monotonicity in-
terval of Tβ,E forms a full branch. Consequently, by the definition of the
coding space, we have σ[0] = Σβ,E , which implies that [0] → [0]; hence the
diagram possesses a unit loop. Furthermore, it is shown in [29] that the set
of periodic measures is dense in the set of ergodic measures of Σβ,E . Hence
both assumptions (I) and (II) of Theorem B are satisfied, and by Theorem B,
the generalized β-shift Σβ,E satisfies a level-2 large deviation principle via
periodic points.

Note on AI usage. The author used ChatGPT (GPT-5, OpenAI) solely
for English proofreading and language refinement. The use of this AI tool
did not influence the originality, mathematical content, or intellectual con-
tribution of this research.
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