ERGODIC OPTIMIZATION FOR CONTINUOUS FUNCTIONS
ON NON-MARKOV SHIFTS

MAO SHINODA, HIROKI TAKAHASI, KENICHIRO YAMAMOTO

ABSTRACT. Ergodic optimization aims to describe dynamically invariant prob-
ability measures that maximize the integral of a given function. For a wide class
of intrinsically ergodic subshifts over a finite alphabet, we show that the space of
continuous functions on the shift space splits into two subsets: one is a dense G
set for which all maximizing measures have ‘relatively small’ entropy; the other
is contained in the closure of the set of functions having uncountably many, fully
supported ergodic measures with ‘relatively large’ entropy. This result consider-
ably generalizes and unifies the results of Morris (2010) and Shinoda (2018), and
applies to a wide class of intrinsically ergodic non-Markov symbolic dynamics
without Bowen’s specification property, including any transitive piecewise mono-
tonic interval map, some coded shifts and multidimensional S-transformations.
Along with these examples of application, we provide an example of an intrinsi-
cally ergodic subshift with positive obstruction entropy to specification.

1. INTRODUCTION

Ergodic optimization aims to describe properties of dynamically invariant max-
imizing measures. In its most basic form, main constituent components are: a
continuous map 7" of a compact metric space X; the space M (X, T) of T-invariant
Borel probability measures endowed with the weak* topology; a continuous func-
tion f: X — R. Elements of M(X,T) that attain the supremum

() nah) = s { [ sans pe a1

are called f-mazimizing measures. The set of f-maximizing measures, denoted by
Myax(f), is non-empty and contains ergodic measures. For a given dynamical sys-
tem (X,7T') and a Banach space of real-valued functions on X, we aim to establish
properties of elements of M,.x(f) for a ‘typical’ function f in the space.

Earlier results in ergodic optimization, especially those by Hunt and Ott [22,
23] and Bousch [3], suggested the possibility of maximizing measures for typical
functions being unique and supported on periodic orbits. It has been conjectured
that for typical dynamical systems and typical functions in suitable Banach spaces,
the maximizing measure is unique and supported on a periodic orbit. For a more
precise statement known as the TPO (typically periodic optimization) conjecture,
see [25, Conjecture 4.11], [26, Conjecture 7.3] and [43, Conjecture 1]. For results
toward a resolution of this conjecture in a variety of settings, see [2, 25, 26] and
the references therein.
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In ergodic optimization, the regularity of functions is crucial. For (X,7) with
some expanding or hyperbolic behavior and a Holder continuous f, the Mané-
Conze-Guivarc’h lemma characterizes f-maximizing measures via their supports
3,4, 15, 31]. The analysis of functions in the space C'(X) of real-valued continuous
functions on X endowed with the supremum norm || - ||co is completely different:
the Mané-Conze-Guivarc’h lemma is not valid, but duality arguments are available.

Recall that dense G sets are countable intersections of open dense subsets, and
a property that holds for a dense G set is said to be generic. For an expanding
map of the circle, Bousch and Jenkinson [5] proved that the maximizing measure is
unique and fully supported (charging any non-empty open set) for generic contin-
uous functions. Brémont [7] proved that if (X, 7") has the property that measures
supported on periodic orbits (closed orbit measures) are dense in M (X, T') and the
entropy function is upper semicontinuous, then the maximizing measure is unique
and has zero entropy for generic continuous functions. For expanding maps of
the circle, Bowen’s specification property [6] holds and so closed orbit measures
are dense [38]. Moreover the entropy function is upper semicontinuous. Hence,
the result of Brémont [7] applies together with that of Bousch and Jenkinson [5]:
the maximizing measure is unique, fully supported. has zero entropy, and is not
strongly mixing for generic continuous functions.

Morris [32] unified the result of Bousch and Jenkinson [5] and that of Brémont
[7], proving that for (X,T) with Bowen’s specification property, the maximizing
measure is unique, fully supported, has zero entropy and is not strongly mixing
for generic continuous functions [32, Corollary 2]. In contrast to Morris’s result,
Shinoda [35, Theorem A] proved that for a dense set of continuous functions on a
topologically mixing Markov shift, there exist uncountably many, fully supported
ergodic maximizing measures with positive entropy, which are actually Bernoulli.
For an analogous result on expanding Markov interval maps with holes, see [36].

1.1. Statements of the results. Our main result considerably generalizes, and
unifies Morris’s result [32, Corollary 2] and Shinoda’s pathological one [35, The-
orem A] concerning entropies and supports of maximizing measures for contin-
uous functions, in the context of symbolic dynamics to include a wide class of
non-Markov shifts without Bowen’s specification property. For a subshift 3, let
hiop(X) denote its topological entropy, and for a shift-invariant Borel probability
measure £ on X let h(y1) denote its measure-theoretic entropy. Let hg,.(3) denote
the obstruction entropy to specification on . Our main result is stated as follows.

Theorem A. Let ¥ be a subshift that satisfies hyoo(X) < hiop(X). If hioo(X) <

spec spec
H < hiop(X) then the following statements hold:
(a) The set By ={f € C(X): h(u) < H for all u € My (f)} is dense Gs.
(b) For any f € C(X)\ Zn and any neighborhood U of f in C(X), there exists
g € U such that the set {pt € Mpmax(g): h(r) > H} contains uncountably
many, fully supported ergodic measures.

The condition hl..(X) < hip(X), together with the obstruction entropy to

spec
specification, was introduced by Climenhaga and Thompson in the series of papers
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[11, 12, 13] on the thermodynamic formalism for dynamical systems with non-
uniform specification. It implies that for any H € [hg,..(2), htop(X)) the language
L(X) of the shift space admits a decomposition £(X) = C’GC® into a prefix C?, a
‘good’ core G and a suffix C*, such that on a ‘fattened’ G there is a specification,
and the exponential growth rate of the cardinality of C? U C® per word length
does not exceed H. See §2.2 for the formal definition. This implies the intrinsic
ergodicity of ¥ [12, Theorem C], i.e., the uniqueness of the measure of maximal
entropy.

As a consequence of the variational principle and the result of Jenkinson [25,
Theorem 3.7], the set C'(X)\ Zy is non-empty. It is a challenging problem to give a
concrete example of a continuous function for which there exist uncountably many
maximizing measures that are fully supported and have positive entropy. Trivial
examples of with this property are functions that are homologous to a constant.
The Mané-Conze-Guivarc’h lemma implies that any continuous function that is not
homologous to a constant and has a fully supported maximizing measure cannot
be Holder continuous.

Continuous functions like ¢g in (b) are somewhat pathological. The theorem
below provides a sufficient condition for the density of such functions. Let 3 be a
subshift and let o denote the left shift acting on 3. We say ergodic measures on
Y are entropy dense if for any non-ergodic measure p € M (3, 0), any € > 0 and
any neighborhood U of p in M(X, o), there exists an ergodic measure v € U such
that h(v) > h(u) — e. Clearly, the entropy density implies the density of ergodic
measures.

Theorem B. Let ¥ be a subshift with positive topological entropy that satisfies
hslpec(E) = 0. Suppose that ergodic measures on ¥ are entropy dense. Then, there

erists a dense subset P of C(X) such that for any f € P, Muax(f) contains
uncountably many fully supported ergodic measures with positive entropy.

There is a wealth of examples of symbolic dynamics to which Theorem A or
Theorem B applies: piecewise monotonic maps [16], some coded shifts including
S-gap shifts [30], multidimensional S-transformations [8, 9], and so on. See §4 for
more details on these applications.

We will provide two examples of intrinsically ergodic subshifts to which Theo-
rem A applies but Theorem B does not. One is a subshift without the entropy
density (see §4.2). The other example is a subshift with positive obstruction en-
tropy to specification, which is stated as follows.

Theorem C. For any integer N > 3, there exists a subshift ¥ on N symbols such
that 0 < h .. (X) < hiop(X).

spec

Theorem C has an independent interest. For any transitive Markov shift (hence
intrinsically ergodic), the obstruction entropy to specification is 0. The converse
is not true: There is a number of examples of intrinsically ergodic non-Markov
shifts for which the obstruction entropy to specification is 0. Intrinsically ergodic
subshifts with positive obstruction entropy to specification have received little
attention and should be investigated further. Under the hypothesis of Theorem A,
measures whose entropy do not exceed the obstruction entropy to specification
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play no role in search of measures of maximal entropy, but they do play roles in
problems concerning rare events not captured by measures of maximal entropy,
such as large deviations and multifractal analysis.

1.2. Structure of the paper. For proofs of (a) and (b) in Theorem A, we develop
ideas of Morris [32, Theorem 1.1, Corollary 2| and Shinoda [35, Theorem A] re-
spectively, both related to approximations of ergodic measures. On the one hand,
a key observation is that the assumption of Bowen’s specification property in [32,
Corollary 2] can actually be weakened to a property that any ergodic measure can
be approximated by another with arbitrarily small entropy. On the other hand,
a key ingredient in the proof of [35, Theorem A] is the construction of paths of
ergodic measures of high complexity in arbitrarily small neighborhoods of maxi-
mizing measures. This construction relies on Sigmund’s result [40] that is not valid
for non-Markov shifts.

The rest of this paper consists of four sections. The most critical component
is Proposition 2.4 that provides two different kinds of approximations of ergodic
measures in the weak™* topology. The proof of Proposition 2.4 relies on the thermo-
dynamic formalism for subshifts with non-uniform specification [12] and the zero
temperature limit [1] that we recall in §2. In §3 we combine results in §2 with part
of the proof of [32, Theorem 1.1] and a duality argument in [24] to complete the
proofs of Theorem A and Theorem B. In §4 we provide examples of application of
these two theorems: any transitive piecewise monotonic interval map; some coded
shifts including S-gap shifts; some multidimensional S-transformations. In §5 we
prove Theorem C by constructing concrete examples.

2. PRELIMINARIES

This section contains preliminary results needed for the proof of Theorem A.
In §2.1 we begin by introducing basic terminologies in symbolic dynamics. In
§2.2 we recall the result of Climenhaga and Thompson [12] on the thermodynamic
formalism for subshifts with non-uniform specification. In §2.3 we introduce the
obstruction entropy to specification, and in §2.4 recall the notion of ground states
in zero temperature limit. In §2.5 we state and prove Proposition 2.4 that is a key
ingredient in the proofs of Theorems A and B.

2.1. Subshift, word, language. Let A be a non-empty finite discrete set. A
finite string w = wyws - - - w, of elements of A is called a word of length n in A.
For convenience, we introduce an empty word () by the rules fw = wf) = w for any
word w in A and 0 = (. The word length of w € A is denoted by |w]|, and the
word length of the empty word is set to be 0.

Given a collection £ of words in A and the empty word, we consider its decompo-
sitions: collections of words CP, G, C* C L such that CPGC® = L. This means that
every word in £ can be written as a concatenation of a prefix (from C?), a ‘good’
core (from G) and a suffix (from C®). Given such a decomposition, we consider for
every M € N the following ‘fattened’ set of good words:

(2.1) GM ={uvw € L:u € C’v € G,weC |ul,|w| < M}
Note that £ = [J,,cy 6. This gives a filtration of the language.
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Let AN and A% denote the one-sided, and the two-sided Cartesian product topo-
logical spaces of A respectively. The topologies of these two spaces are metrizable
with the Hamming metric d: for distinct points © = (2;);, v = (vi)i, d(x,y) =
2-min{lil: z:#vi}  The left shift acts continuously on these spaces. A shift-invariant
closed subset of AN or AZ is called a subshift over A, or a subshift on #A symbols.
A language of a subshift X, denoted by £(X), is the collection of the empty word
() and words in A that appear in some elements of X. For a subshift ¥ and n > 0,
let £,,(X) denote the collection of elements of £(3) with word length n. Note that
Ly(X) = {0}. For a collection D C L(X) and n > 0, put

D, = DN L)
Note that Dy = {@}. Let o denote the left shift on X.

2.2. Thermodynamic formalism. Let > be a subshift. For n € N and w =
wy -+ wy, € Ly,(X), define the n-cylinder

[w] ={(x;); € X: &y = w; for 1 <i < n}.
Let ¢ € C(X) and let D C L(X). For n € N, define

An(D,¢) = ) supexp 5,9,

wEDn [w}

where S, = 37" ¢ o o?, and put

1
h(D, ¢) = limsup — log A,,(D, ¢).
n—oo 1N
In the case ¢ = 0, let us abbreviate h(D) = h(D, ¢). Note that h(L(X)) equals
hiop(X). The quantity h(L(X), ¢) is called the topological pressure, and denoted
by P(¢). The variational principle asserts that

P(¢) = sup {h(u) + /¢du: e M(E,U)} :

Elements of M (X, o) that attain this supremum are called equilibrium states for the
potential ¢. Since (X, 0) is expansive, the entropy function p € M(3,0) — h(u)
is upper semicontinuous. So, (the minus of) the free energy p € M(X,0) —
h(p) + [ ¢dp is upper semicontinuous and equilibrium states always exist. The
uniqueness is an issue.

Bowen’s specification property allows us to glue pieces of orbits together to
form one orbit. This property can be used to show the uniqueness of equilibrium
states. Since Bowen’s specification property is too stringent for non-Markov shifts,
a number of weaker condition have been introduced and their consequences have
been investigated (see [29] and the references therein). Climenhaga and Thompson
[12] introduced the following condition, and under it proved that the measure
of maximal entropy is unique, and satisfies a certain Gibbs property. We say
a collection of words G C L(X) has (W)-specification if there exists an integer
t > 0, called a gap size, such that for all m > 2 and all v, ... 0™ € G, there
exist w, ... w™ Y € £(2) such that vMwMy@ @ ...m=Dy(m ¢ £(3) and
lw®| <t foralliec{l,....,m—1}.
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Theorem 2.1 ([12], Theorem C). Let ¥ be a subshift and let ¢ € C(X) be Hélder
continuous. Suppose there exist collections of words C?, G, C* C L(X) such that
L(3) =CPGC*, and the following two conditions hold:

(a) GM has (W)-specification for all M € N.

(b) The collections C?, C* satisfy

ZAR(C” UCs, ¢)e POn < oo
n=1

Then the equilibrium state for the potential ¢ is unique, and has the weak Gibbs
property: there exists K > 0, and for each M € N there exists Ky > 0 such that
for alln € N and all w € GM N L,(X) we have

p([w])
(22) Ka < exp (—P(¢)n + supp, Sn¢) = k.

Remark 2.2. More general potential functions than those in Theorem 2.1 were
treated in [12, Theorem C], but we will not need them in this paper.

2.3. Obstruction entropy to specification. For a subshift >, we define

n . Rh(CPUC®): L(X) = CPGC?® and
(2:3) fipec(3) = inf {QM has (W)-specification for all M € N [’

and call this number the obstruction entropy to specification on . Note that
Ninee(X) < hiop(). By Theorem 2.1 with ¢ = 0, the strict inequality hg..(X) <
hiop(X) implies the intrinsic ergodicity of .

As is evident from the definition (2.3), the lower estimate of hg,..(¥) is much
harder than the upper one: to show hjpeC(E) = 0 we only have to exhibit for any
e > 0 one decomposition for which 2(C? U C®) < e, whereas to show hg,..(X) > ¢

for some ¢ > 0 we must verify A(C? UC*) > ¢ for any decomposition L(X) = CPGC?
for which GM has (W)-specification for all M € N.

2.4. Entropy in zero temperature limit. Let X be a subshift and let f € C'(X).
We say p € M(X,0) is a ground state for the potential f if there exist a sequence
(Bn)nen in R and a sequence (g, )nen in M (X, o) such that the following hold:

e (3, — 00 asn — oo;
® /i, is an equilibrium state for the potential 3, f for all n € N;
e /i, — p in the weak™® topology as n — oo.

The term ‘ground state’ has been borrowed from statistical mechanics as an anal-
ogy: since the parameter § may be viewed as the inverse of temperature, the limit
B — oo is called the zero temperature limit [1].

For the reader’s convenience we include a proof of the next lemma, which can
be found in [1] for example.

Lemma 2.3. Let ¥ be a subshift and let p € M(3,0) be a ground state for the
potential f € C(X). Let (Bn)nen be a sequence in R and let (pi,)nen be a sequence
in M(X,0) such that 5, — o0 as n — 00, W, s an equilibrium state for the
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potential B, f for alln € N, and pu, — p in the weak™ topology as n — oo. Then
W 1s f-maximizing, and we have

h(p) = sup{h(v): v € Myax(f)} = max{h(v): v € Muax(f)},
and
lim A(pn) = h(p).

n—oo

Proof. Since M. (f) is nonempty and closed, the supremum in the statement of
the lemma is attained. For all n € N we have h(p,)+ 8, [ fdun > h(p)+ B, [ fdu.
Dividing both sides by £, and letting n — oo yields [ fdu, — A,(f). Hence u is
f-maximizing.

Since the entropy map is upper semicontinuous, we have limsup,, . h(u,) <
h(w). If there were v € M. (f) such that h(p) < h(v), then for all sufficiently
large n we would have

)+ [ fdv=h)+ o [ f> )+ 6, [

in contradiction to the assumption that pu, is an equilibrium state for the potential
Bnf. Finally we claim liminf, .. h(u,) > h(p), for otherwise we would reach a
contradiction by applying the same argument to a subsequence of (i, )nen- 0

2.5. Approximations of ergodic measures. We are in position to state a
proposition we have been leading up to.

Proposition 2.4. Let 3 be a subshift with positive topological entropy that has
a language decomposition L(X) = CPGC® with h(CP U C®) = H for some H €
[0, hiop(X)). For each p € M(X,0) that is ergodic and satisfies h(p) > H, the
following statements hold:

(a) For any open subset U of M (X, 0) that contains u, there exists a Lipschitz
continuous function f: 3 — R such that:
(i) For any 8 > 0, there exists a unique equilibrium state for the potential
Bf, which has the weak Gibbs property, denoted by pg;y.
(i) The map € [0,00) — pugr € M(X,0) is continuous and injective.
(i) For all sufficiently large > 0 we have pgy € U, and there exists
Hy > H such that limg_,o h(psr) = Ho.
(b) For any § > 0 and any open subset V of M(X,0) that contains u, there
exists an ergodic measure v € V' such that h(v) <.

Proposition 2.4 provides two different kinds of approximations of ergodic mea-
sures with sufficiently large entropy. In part (a), the measure p is approximated
in the weak™® topology by a ground state with positive entropy in the zero tem-
perature limit. In part (b), u is approximated in the weak™® topology by measures
with arbitrarily small entropy. From Proposition 2.4, we deduce the abundance of
paths of ergodic measures with high complexity and a statement on the density of
ergodic measures with arbitrarily small entropy.

Corollary 2.5. Let X be a subshift that satisfies ht..(X) < hiop(X). If hi (2) <

spec spec

H < hiop(X), then for any p € M(X, o) that is ergodic and satisfies h(pn) > H, and
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for any open subset U of M (X, o) that contains u, there exists a homeomorphism
t € [0,1] — v, € U onto its image such that for any t € [0,1], v, is ergodic, fully
supported and satisfies h(v;) > H.

Proof. Measures with the weak Gibbs property (2.2) are fully supported. Hence,
Corollary 2.5 follows from part (a) of Proposition 2.4. O

Corollary 2.6. Let X be a subshift that satisfies hy.(3) < hop(2). If hipe(E) <
H < hiop(X), then for any p € M(X,0) that is ergodic and satisfies h(p) > H,
any open subset V' of M (X, o) that contains p and any 6 > 0, there exists a shift-
invariant ergodic measure v € V' satisfying h(v) < 9.

Proof. Follows from part (b) of Proposition 2.4. O

The rest of this subsection is entirely dedicated to a proof of Proposition 2.4,
split into the proof of (a) and that of (b).

Proof of Proposition 2.4(a). The proof breaks into four steps. First, for each k € N
we construct a collection Qy C Li(X) by selecting words that are associated with
the measure p. Next we construct a collection Qk of words with word lengths
approximately k that has (W)-specification, by extracting good words in the core
G from elements of Q. In the third step we glue the words in Qk and construct
a subshift in > that approximates the measure p in a particular sense. Finally we
verify (i) (ii) (iii).

Step 1: The selection of words. Let u € M(X,0) be ergodic and satisfy h(u) > H.
Let fi,..., fm be an arbitrary finite collection of functions in C'(3). Since the
collection of 1-cylinders in Y generates the Borel sigma-algebra of X, it follows
from Shannon-McMillan-Breiman’s theorem and Birkhoff’s ergodic theorem that
for p-a.e. x € X we have

tim, + Tog ([ -+ 74]) = —~h(s)

k—o0

and
hm Skfl /fzd,u for alli € {1,...,m}.
We take Hy € (H7 h( )), put
ho = h(p) — Ho,
and let
ho  h(p)— H

2.4 0 .
(24) =€ ( mm{18 (2 + 10Ho /ho)

For each x € ¥ for which the above two equalities hold, let N(z) € N denote the
minimal integer such that

sup
k>N (x)

plogn(ies i) + bl <

and

sup  max
k>N (z) ie{l,...,m}

pSfta) - | fzdu‘ <<
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There exist a Borel set ¥y € ¥ and Ny € N such that 0 < p(¥X) < 1 and
N(z) = Ny for all z € ¥y. For k € N we set

(2.5) Q= A{w € Li(X): [w] N Xo # 0}

If £ > N, is sufficiently large, then for each w € Q. we have

(2.6) e khw)+e) < p([w]) < e~ R(hn)=e)

and

(2.7) max max SkfZ /fzdu < =
z€[w] ie{l,....,m}

Moreover, from (2.6) we have

(2.8) (20) (h(p)— S #0Q, < (MW +e)k

Step 2: Extracting good words. For the collections C?,C® C L(X) in the assumption,
take N1 € N such that

(2.9) #(CrucE) <efom forall n > Ny,
Put
Ny = Ny + Ny.
For each w € Qy, we fix once and for all a decomposition
w = p(w)c(w)s(w), p(w) € CP c(w) € g,s(w) eC’.

Note that p(w), c(w), s(w) can be the empty word. For k € N and a,b € NU {0}
satisfying a + b < k, define

Qr(a,b) ={w € Qi p(w)| = a,[s(w)| = b}.
Note that Qy(a,b) are pairwise disjoint disjoint. We also define

Qi(a,b) = {p(w): w € Qi, [p(w)| = a, |s(w)| = b},
Qi (a,b) ={c(w): we Qp, |p(w)| =a, [s(w)| = b},
Qi (a,b) = {s(w): w e Q, |p(w)| =a, |s(w)| = b}.

Since L£(X) = CPGC*, we have
%= |J Q@b
a,beNU{0},a+b<k
The next lemma asserts that the collection of words in 9, with relatively short
prefixes and suffixes has a definite fraction in exponential scale.
Lemma 2.7. For all sufficiently large k > Ny we have

L5€k/h0J 1L4Ek/hoj 1

Z Z #0Qy(a,b) > <EO) e(h(m)—e)k
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Proof. For k € N and a,b € NU {0} with a + b < k, put
Qi(a,) = {w € Qp: |p(w)| = a} and Qu(:,b) = {w € Q= |s(w)| = b}.

In what follows we derive three intermediate inequalities on the cardinalities of
these collections, and combine them to deduce the desired one.
First, by (2.9), for all a € {Ny,...,k} we have

#{p(w): w € Qy, Ip(w)| = a} < e
From (2.6), for all @ € {Ny,...,k — 1} and all w € Q. such that |p(w)| = a, we

have
#{’U c ﬁk—a<2)3 p(w)v c Qk} < e(kfa)h(u)+e(k+a) < e(k*&)h(ﬂ)‘i’QEk.

Multiplying these two estimates yield
#Qu(a,-) < eflotelk=aht2ke for all g € {Ny, ...k},

and hence
k

k
Z #Qk(a, ) < Z eHoae(k—a)h(u)+2£k

a=|5ek/h a=|5ek/h
(2'10) [5ek/ho |5ek/ho | )

< Mtk hon < ()2 )k,
a=|5¢k/ho|

provided k is sufficiently large.
Next, by (2.8), for all b € {0,...,k — Ny} we have

#{p(w)e(w): w € Qx, |s(w)| = b} < #Qyp < T,
By (2.9), for each b € {Ny,...,k}, any element of the left set is concatenated to

at most 0¥ elements of Cj. Hence
#Q4(+,b) < ePIWFIE=D) Hob for all b e {Ny, ...,k — No},
and so
k—No k
3 HQu(b) < bR N bt Ho)
b=|4ek/ho] b=|4ek/ho)
(2.11) ’
S e(h(u)+€)k Z e—bho S e(h(u)—z&)k”
b=|4ek/ho]

provided k is sufficiently large.
Finally, since X is a subshift over the finite alphabet A as in §2.1, it is clear that
(2.12) #0O4(-,b) < (#A)NoeF forallbe {k— No+1,...,k}.
Combining (2.10), (2.11), (2.12) and the lower bound in (2.8), for all sufficiently
large k > Ny we obtain
k k

BO— S #Q— S #Qub) = L ok

2
a=|5¢ek/ho | b=|4ek/ho |
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which implies the desired inequality. 0

From Lemma 2.7, for all sufficiently large k > Ny there exist a., b, € NU {0}
such that a, + b, < 9ek/hy and

(2.13) #9,(ay,,b,) > me(h(u)—e)k‘
We set

Oy, = Q5 (ax, b.),
and put

72
C=4+ - sup || fillco -
m}

Lemma 2.8. For all sufficiently large k > Ny we have

(214) #Qk 2 e(h(,u)—s—lOsHo/ho)k’
and
(2.15) Hg[ﬂ]( eglax |U’S\v\fz /fzdu < Ce forallv € Q.

Proof. Since a,+b, < 9ek/hy < k, we have #9Q5 (a.,b,) > #Qy(as, b, ) (F#C2 #C; )~!
Then (2.14) follows from (2.9) and (2.13) provided k > N is sufficiently large. Let
v € Q. There exist u € C?, w € C; such that vvw € Qi(as,b,), and so

|v| = k — a, — b,. Take a point y € [uvw]. For all i € {1,..., m} we have

k
1Sl filo™y) = Sefily)] < (ax + b fillco < 9i||f2||cO

By (2.7) we have

|U| . @ Skfz — |U‘ d
H /ﬁ o = Tl /ﬁ . m /ﬁ“+

Therefore
v
st - [ fau] < 25+ Ay s 2
' C
<—;i— Lwammo<—3
- 1- 9€/h0 ho ‘ 2

To deduce the second inequality we have used k/|v| < k/(k — 9¢k/hy) = 1/(1 —
9¢/ho). The last inequality follows from e < hg/18. Meanwhile, by the uniform
continuity of f;, if k is sufficiently large then for all x € [v] and all 7 € {1,...,m}
we have

C
S|v\fz( ) | |S|v|fz(0 y) 25

Combining (2.16) and (2.17) we obtain (2.15). O

(2.17)
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Step 3: The construction of a subshift in 3. Let ¢ > 0 be a gap size for the
(W)-specification of G'. If ¥ is one-sided, then define

I = {vWuwWp@y@y@y® .. e n: 0l € @y, [wW] <t for all j € N}.
If ¥ is two-sided, then define
D= {z =" wDoOywOy® ... e 5.9 € gy |w?| <t forall j € Z,[xo] D [0}

In other words, I' is the set of points in % whose symbol sequences are alternate
concatenations of elements of Q and that of £(3) with word lengths not exceeding

t. The set
I = U o’
n=0
is a subshift in ¥ over the same alphabet A. Since 0 < u(3g) < 1, I is a proper
subset of . Define a function f: 3 — R by
f(z) = —min{d(z,y): y € T},

where d denotes the Hamming metric on 3 (see §2.1).

Lemma 2.9. f is Lipschitz continuous.

Proof. Let x,y be distinct points in . Take g, 1,4 € N such that d(z,y) = 27,
flz)=—=27" f(y) = =272, If iy < igor iy < ig, then iy = iy and so f(z)— f(y) =
0. Otherwise, |f(x) — f(y)| =278 — 27| < 270 = 2d(z, y). O

Lemma 2.9 implies

(2.18) sup max max (S, f(z) — S, f(y)) < oo

n>1 WELR(E) x,y€lw]

Clearly we have As(f) = 0, and hence any f-maximizing measure belongs to
M(T, o).
Let z € T. We have z = vMWwMy@w®@ ... or z = -w(’l) ©®yM ... and

[20] D [vo] according as ¥ is one-sided or two- 81ded where o) € Qy, and |w(3 | <t.
From (2.15), for all j we have

/SU(J)w(J)fz |U(j)w(j)|/fid,u

The last inequality holds for all sufficiently large k. It follows that there exists
N3 > 1 that is independent of € I" such that for all n > N3 we have

' =Sy fi(x /fzdu’ < 3Ce.

max < CluW e + 2/w||| fil oo

< 20D wW|e.

Passing to the limit, we obtain the same estimate for all x € I" and all sufficiently
large n > Nj3. Consequently, for any measure v € M(I', o|z) we have

/ fidv — / fzd,u‘ < 3Ce.

max
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Since the collection f,. .., f,, of functions in C'(X) is arbitrary and € > 0 can be
chosen arbitrarily small, one can choose them so that M (I', o|;) is contained in an
arbitrarily small neighborhood of p in M (%, o).

Step 4: The verification of (i) (i) (ii). If k is sufficiently large, then (2.14) implies

(219) ht0p<r) > h(,u) — 2e — 10€H0/h0 > H.

Let 1 be an ergodic measure of maximal entropy for the subshift I'. Note that

lim sup sup lSnf(ar:) = sup lim sup lSnf(x) =A,(f)=0.
n

n—oo zex N z€EY n—oo

Combining this with (2.19), for all § > 0 we get

1 ~
h(CPUC®) + B - limsupsup =S, f () = H < hop(I)

n—oo r€X
= h(Vo) = h(V(]) + /ﬁfdyo S p(ﬂf)

This estimate implies
D An(cruce, Bf)e PP < oo,
n=1

By Theorem 2.1, the equilibrium state for the potential S f is unique, denoted by
par, and has the weak Gibbs property (2.2). This verifies (i).

The continuity of the map 8 € [0,00) — ugr € M(X,0) follows from the next
general lemma.

Lemma 2.10. Let X be a subshift, let ¢ € C(X) and suppose that the equilibrium
state for the potential ¢ is unique, denoted by A,. Let (\,)nen be a sequence in
M(X,0) and let (¢n)nen be a sequence in C(X) such that:

(2) llon = ¢lloo = 0 as n — oo.
(b) For each n € N, \, is an equilibrium state for the potential @, .

Then X\, = X\, as n — oo in the weak™ topology of M (X, o).

Proof. Let A denote any limit point of (\,),en in the weak™ topology of M (X, o).
Since the pressure continuously depends on the potential and the entropy function
is upper semicontinuous, the map A, € M(X,0) — h(\,) + [ pnd\, is upper
semicontinuous. So, we have

P(p) = lim (h()\n)+/gond)\n) < h(N) —|—/<,0d)\,

n—o0

and therefore A = A\, which completes the proof. 0

To prove the injectivity of the map € [0,00) — pugr € M(X,0), let 0 <
B1 < B2 and suppose fig, ; = g, by contradiction. Since f is non-positive and
non-constant, we have P(8;f) > P(f2f). By the weak Gibbs property (2.2) of
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Wa fy Mg, and (2.18), there exists a constant K > 1 such that for all n > 1,
weGN LX) and z € [w] we have

exp(—P(B1f)n + 1S, f(x))

K S o (CP(Baf)n + BaSnf(2))

< K.

This is equivalent to

(2.20) [(B1 = B2)Snf(x) = n(P(Brf) — P(B2f))| < C,

for some constant C' > 0 independent of n, w, x. Since vy € M(f, o|p) is ergodic,
has positive entropy and satisfies [ fdvy = 0, in the same way as the construction
of the collection of words Qp = Qk(x) in (2.5), for any § > 0 one can construct
Qk = Qk(uo) to conclude that for all sufficiently large n > 1 there exists w €
G N L, (¥) such that sup,ep, [(1/n)Snf(z)] < d. This and (2.20) together imply
P(B1f) = P(Paf), a contradiction. This verifies (ii).

By Lemma 2.3, any ground state for the potential f belongs to M.« (f), and so
belongs to M(f,a\f). Lemma 2.3 also yields limg o h(pgs) = h(vp) = htop(f‘) >
H. This together with the consequence of the last paragraph in Step 3 verifies
(iii). The proof of Proposition 2.4(a) is complete. O

Proof of Proposition 2.4(b). Continuing from the proof of Proposition 2.4(a), let
1 € M(X,0) be ergodic and satisfy h(u) > H. Pick a word v from the collection
Qk = Qp(u) in (2.5). If X is one-sided, define

Q = {vwYvwPow® ... e B: [wP| <t forall j >1}.
If ¥ is two-sided, define
Q= {z =" vwPowHow Wy .. € T: [w?| <t for all j € Z, [xg] D [v]}.

In other words, €2 is the set of points in ¥ whose symbol sequences are alternate
concatenations of v and elements of £(3) with word lengths not exceeding ¢. The

set
0= U o)
n=0

is a subshift in ¥ over the same alphabet A. Since the choice of the collection
{fi,--, fm} € C(¥) in Step 1 is arbitrary and € > 0 can be chosen arbitrar-
ily small, one can choose them so that M (Q,c|g) is contained in an arbitrarily
small neighborhood of p in M(X,0). Since the gap size t for the specification
of G' is independent of k, we have h,(Q) — 0 as k — oo. From this and the
variational principle for the subshift €, it follows that the neighborhood of x con-
tains a shift-invariant ergodic measure with arbitrarily small entropy. The proof
of Proposition 2.4(b) is complete. O

3. ON THE PROOFS OF THEOREMS A AND B

We are almost ready to proceed to proving the main results on ergodic optimiza-
tion. After recalling some functional analytic ingredients in §3.1, we complete the
proof of Theorem A in §3.2. In §3.3 we complete the proof of Theorem B.



ERGODIC OPTIMIZATION FOR CONTINUOUS FUNCTIONS 15

3.1. Functional analysis. The proof of part (b) of Theorem A relies on the result
of Israel [24, Section V], who proved an approximation theorem about tangent func-
tionals to convex functions, and used it for lattice systems in statistical mechanics
to prove the existence of a dense set of continuous interactions for which there
exist uncountably many ergodic equilibrium states. Below we recall his result, and
some other auxiliary ones.

For a Banach space V' with a norm || - ||, let V* denote the set of real-valued
bounded linear functionals on V. For each p € V* let ||| denote the norm

ull = sup {[u(f)l: F eV IIfll =1}
Let A, p € V*. We say:

e u is tangent to A at f € V if u(f) < A(f +g) — A(f) holds for all g € V.

e 1 is bounded by A if pu(f) < A(f) holds for all f € V.

o Ais converif A(tf+ (1 —1t)g) <tA(f)+ (1 —1t)A(g) holds for all f, g€V
and ¢ € [0, 1].

Theorem 3.1 ([24], Theorem V.1.1). Let V' be a Banach space and let A € V* be
convexr and continuous. For any pg € V* that is bounded by A, any fo € V and
any € > 0, there exist p € V* and f € V such that p is tangent to A at f and

o= ol < < and I = fol < (AGo) — polfo) +5).
where s = sup{uo(g) — Alg): g € V} <0.

For a continuous map 7" of a compact metric space X, the functional Ay on C'(X)
given by (1.1) is convex and continuous. The next lemma characterizes maximizing
measures in terms of Ap. Recall that C'(X)* can be identified with the set of (finite)
signed Borel measures on X by Riesz’s representation theorem.

Lemma 3.2 ([7], Lemma 2.3). Let T' be a continuous map of a compact metric
space X and let f € C(X). Then p € C(X)* is tangent to Ar at f if and only if
w belongs to M(X,T) and is f-mazimizing.

If T is a continuous map of X, then for any pu € M(X,T) there exists a unique
Borel probability measure b, on M (X,T') such that b,(M*(X,T)) = 1 and p =
fMe(X 7) vdb,(v), where M¢(X,T) denotes the set of elements of M (X,T) that are

ergodic. We call b, the barycenter of u. Put
supp(b,) = ﬂ{F FC M(X,T), closed, b,(F) = 1}.
Since M (X, T) has a countable base, we have b,(supp(b,)) = 1.

Lemma 3.3. Let T be a continuous map of a compact metric space X .

(a) If there exists a constant C' > 0 such that h(v) < C for all v € supp(b,),
then h(p) < C.
(b) Let f € C(X), p € Muax(f). Then supp(b,) is contained in Mupax(f).

Proof. Part (a) is a consequence of Jacobs’ theorem [41]. For a proof of part (b),
see [35, Proposition 6] for example. d
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The next lemma asserts that the barycenter map p +— b, from M(X,T) to the
set of Borel probability measures on M (X, T) is isometric.

Lemma 3.4 ([24], Corollary 1V.4.2). Let T' be a continuous map of a compact
metric space X. For all py, po € M(X,T) we have

1B = by [l = [lpa = pia |-

3.2. Proof of Theorem A. Let X be a subshift that satisfies hg,.(3) < hop(3).
Suppose hyp..(X) < H < heop(X). For each n € N, define

On:{NGMG(Z,J):OSh(u)<H+%},

and
Up ={f € C(X): M*(X,0) N Muax(f) C On}.

Clearly, the set Zpy in Theorem A is contained in (-, U,. Conversely, let f €
N,—, U,. The entropy of any ergodic measure in My.x(f) does not exceed H,
and by Lemma 3.3, the entropy of any non-ergodic measure in M., (f) does not
exceed H either. Hence we obtain Zy = (., U,

By the upper semicontinuity of the entropy function, O, is an open subset
of M¢(¥,0). From Corollary 2.6, O, is a dense subset of M¢(3,0). By [32,
Theorem 1.1}, U, is an open and dense subset of C'(X). Therefore Zy is dense G
as required in part (a) of Theorem A.

To prove part (b) of Theorem A, pick fy € C'(X)\ Zy. By Lemma 3.3(a), there
exists an ergodic measure A € My,ax(fo) that satisfies h(A) > H. Let € € (0,1/2)
and put

R= {u € M(S,0): /fodu > Ay (fo) —52}.

By Corollary 2.5 applied to A, there exists a homeomorphism ¢t € [0,1] — 1, €
RN M¢(X, o) onto its image such that v is fully supported and satisfies h(1;) > H
for all t € [0,1]. Let m denote the Lebesgue measure on [0, 1] and define a Borel
probability measure m on M®¢(3,0) by m(-) = m{t € [0,1]: v, € -}. We have
m(RN Me¢(X,0)) = 1. Put pg = fMe Vdm (v). Then pg belongs to R and is
bounded by A, as an element of C'(% )* Note that b,, = m. By Theorem 3.1,
there exist f € C(X) and p € C(X)* such that u is tangent to A, at f, and

B1) =gl <= and 17~ flloo < 2 (408~ [ fodia) <

By Lemma 3.2, p belongs to M (X, 0) and is f-maximizing,.

Take an open subset U of M (X, o) such that supp(b,) C U and b,,,(U\supp(b,)) <
e. Since M¢(3,0) is a metric space, it is a normal space. By Urysohn’s lemma,
there exists a function g € C(M (X, 0)) such that ||g][co =1, g=00on M(3,0)\U
and g = 1 on supp(b,). We have

Do (5UPP (b)) > buo (U) = € > by (9) — & > bu(g) — 22
> b, (supp(b,)) —2e =1—2¢ > 0.
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To deduce the third inequality, we have used ||b, — b, | = || — pol| < € from
Lemma 3.4 and the first inequality in (3.1). Since b, is non-atomic, it follows that
the set {r,: t € [0,1], v, € supp(b,)} contains uncountably many elements, which
belong to Myax(f) by Lemma 3.3. Since fy € C'(X) and € € (0,1/2) are arbitrary,
the proof of part (b) of Theorem A is complete. O
3.3. Proof of Theorem B. Let © be a subshift that satisfies h2..(3) = 0, and

spec
suppose that ergodic measures on > are entropy dense. Recall that

%0 — {f c C(E) h(#) =0 for all n e Mmax(f)}7

and let f € Z,. There exists an ergodic measure p € My,ax(f) with A(u) = 0. From
the entropy density and the affinity of the entropy function, p is approximated
in the weak™® topology by ergodic measures with positive entropy. Taking these
approximating measures and repeating the argument in the proof of part (b) of
Theorem A in §3.2, one can show that f is in the closure of functions for which there
exists a maximizing measure with positive entropy. Hence, %, has empty interior.
Then the desired statement is a direct consequence of part(b) of Theorem A. O

4. EXAMPLES AND APPLICATIONS

In this section we provide examples of non-Markov symbolic dynamical systems
to which Theorem A or Theorem B applies.

4.1. Piecewise monotonic maps. We say 7': [0, 1] — [0, 1] is a piecewise mono-

tonic map if there exist finitely many non-degenerate closed subintervals I, ..., Iy
of [0, 1] with disjoint interiors such that |J¥_, I; = [0, 1], and the restriction of T"to
the interior int/; of I; is strictly monotone and continuous for each i € {1,...,k}.

The intervals I; are called monotonic pieces of T. We say T is transitive if there
is x € [0,1] such that {T"(z): n > 0} is dense in [0, 1]. Given a transitive piecewise
monotonic map 7" with k& monotonic pieces, let Xp = (", T*"(U‘];:1 int/;) and
define m: Xy — {1,...,k} by x € (72, T "(int(r(x)),). The closure of 7(Xr)
in the full shift space {1,...,k}" is a subshift, called the coding space of T and
denoted by Xr. If T has positive topological entropy, then hy,(Xr) > 0.

Continuous piecewise monotonic maps have Bowen’s specification property (see
e.g., [8]), while piecewise monotonic maps with discontinuities rarely have that.
Typical examples of such maps are as follows:

e (the (o, f)-transformation) T, s(z) = fr+a—|Br+a] (a € [0,1), B > 1);

o (the (—p)-transformation) T g(z) = —fx + |Bz] + 1 (8 > 1).
The map Ty is known as the [-transformation. The set of 8 > 1 for which
the corresponding coding space Y7, , has Bowen’s specification property is of zero
Lebesgue measure [34]. For each fixed o € (0,1), the set of 3 > 1 for which ¥r, ,
has Bowen’s specification property is of zero Lebesgue measure [8]. The set of § > 1
for which X7 , has Bowen’s specification property is of zero Lebesgue measure
[8]. For both families of transformations, the sets of parameters corresponding to
maps having Bowen’s specification property are not negligible in terms of Hausdorff
dimension [21, 33, 34].
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Proposition 4.1. If T: [0,1] — [0,1] is a transitive piecewise monotonic map
with positive topological entropy, then h:..(Xr) = 0.

spec

The original idea in our proof of Proposition 4.1 is due to Climenhaga (https:
//www.math.uh.edu/~climenha/doc/marseille-specification.pdf). We will
use a Markov diagram [16], a directed graph whose vertices are closed subsets of
the coding space. For the rest of this subsection, let T" be a piecewise monotonic
map as in Proposition 4.1 with £ monotonic pieces. Let C' be a non-empty closed
subset of the coding space Y7 C {1,...,k}" such that C' C [i] holds for some
i € {1,...,k} (recall the notation for cylinders in §2.2). We say a non-empty
closed subset D of ¥r is a successor of C' if there exists j € {1,...,k} such that
D = [j]noC. If D is a successor of C', we write C' — D. We set Dy = {[1],..., [k]},
and define Dy, Ds, ... by the recursion formula

Dy+1 =D, U{D: D is a successor of some C' € D,}.
We set

D= EOJ D,.
n=0

The directed graph (D, —) is called a Markov diagram associated with .

For a set C C D, let ¥¢ denote the set of paths Cy — C; — --- that contains
infinitely many edges and all whose vertices are contained in C. We define a map
U: Yp — {1,...,k}N as follows. For each vertex Cy or each path Cy — -+ — C),_;
in the diagram (D, —), define

(Co++Cur) =30+ 2ny € {1,...,k}",

where z; € {1,...,k} and C; C [x;] for 0 < i <n —1. For (C,)%2, € {1,...,k}"
define

V((Cu)pzo) € [NI(Co- - Coa)]:
n=1
Note that ¥p is a Markov shift over the infinite alphabet D, ¥(3p) = X7, and ¥
semiconjugates the left shift on Xp to o: X7 — Y.

We say a non-empty subset C of D is connected if for any pair (C, C") of vertices
in C there is a path that joins C', C' and all whose vertices are contained in C. We
say C C D is an irreducible component if it is connected and not strictly contained
in a subset of D that is connected. The next lemma allows us to reduce our
consideration to a ‘closed’ irreducible component.

Lemma 4.2. There exists an irreducible component C C D such that:

O\I/<Ec>ZZT.
e CecCandC — D wmmply D €C.

Proof. Since T is transitive and has positive topological entropy, the desired con-
clusion follows from [17, Theorem 14]. O

Proof of Proposition 4.1. Let C C D be an irreducible component for which the
conclusion of Lemma 4.2 holds. It follows from [17, Theorem 10] (see also [20,
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p.226]) that there exists a finite subset F of C such that
(41) \If({(C'n)ZO:O €de: Cy e .F}) = \I/(Ec) = 2.

Let H > 0, and let N > (4/H)log?2 be an integer such that F C Dy. We now
define collections C?, G, C* C L(Xr) by

cr = {0},

g= U{(C() 'Cn_l)i Co— - — Cn—h C(),Cn_l € Dy ﬂC},
n=1

o G (Co--Cor): Co— - = Co_s,
N C(]EDN_H,CiGC\’DNfOIOSiSH—l .

n=1

Let w € L(37)\{0}. By (4.1), there exists (C,,)2, € X¢ such that ¥((C,,)2,) €
[w] and Cy € F. Set jo = max{0 < i < |w| —1: C; € Dy} and u = (Cy--- C}),
v = (Cjyoq1- - Clyj-1). It is easy to see that v € G, v € C* and w = uwv, which
implies £(37) C CPGC* = GC®. The reverse inclusion is obvious.

For M € N, let t3; > 2 denote the minimal integer such that any pair of vertices
in Dyyn NC is joined by a path that does not contain more than ¢, edges.
Since C is an irreducible component and D,y is a finite set, ¢y, is finite. Let
u,v € GM. By the above definition of G, there exist two paths Cp — - -+ — Cluj—1
and Dy — -+ — Dy, -1 such that Cj,—1 € Dyyny NC and Dy € Dy NC. Hence
there is a path Cj,—1 — -+ — Dy not containing more than ¢,; edges, which
implies that GM has (W)-specification with a gap size ty;.

From the proof of [17, Corollary 1(i)], for all ¢ > 1 and all C' € Dy, the
number of paths starting at ', containing no more than ¢/N edges, and all whose
vertices are contained in C \ Dy does not exceed 29. For n = gN +r, ¢ € N,
r€{0,...,N — 1} we have

#Cp, < #Clpyn < 21 4Dy

For all sufficiently large n > N we obtain

| 1 2 H
IF  1og2+ ~log #Dy 1y < —log2+ = < H.
n n N 2

1
—log #C, <
n

Since H > 0 is arbitrary, hZ . (X7) = 0 holds. O

spec

By Proposition 4.1, if T is a transitive piecewise monotonic interval map with
positive topological entropy then hg..(X7) = 0. The entropy density for X fol-
lows from the density of shift-invariant closed orbit measures in the space of ergodic
measures [37, Proposition 3.1]. The latter condition is equivalent to the density
of T-invariant closed orbit measures in the space of ergodic measures [42, Theo-
rem A]. The density of closed orbit measures has been verified for a wide class
of transitive piecewise monotonic maps with positive topological entropy (see e.g.,
[18, 19, 20, 37, 39]). Hence, Theorem B applies to the coding spaces of these
piecewise monotonic maps. It has been conjectured that the density of closed
orbit measures holds for any transitive piecewise monotonic map with positive

topological entropy [20].
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4.2. Coded shifts. Let A C N be a finite set. Let A" denote the singleton
consisting of the empty word (), and put A* = J;~ , A". Let H C A* be a countable
set containing A°. The coded shift ¥y generated by H is the two-sided subshift
whose language is

{wMw@ . w®) @ wk) e H ke N},

where ﬁ denotes the closure under the operation of passing to subwords.
The coded shift ¥4 has the following natural language decomposition £(¥) =
CPGC* for which GM has (W)-specification for all M € N:

o0

er= i),

k=1
o

(4.2) G = U{w(l) cew® s w® e HY,
k=1

¢ = Jaow.
k=1
where i5: H — L(X3) U {0} (vesp. ih: H — Li(X3) U {0}) is the map that
extracts the last (resp. first) k symbols of a word in the generator H, and satisfies
is(w) =0 if |w| <k (resp. it (w) = 0 if |w| < k). When H is a finite set, clearly
h(C? UC®) = 0 holds and ¥4 is a sofic shift.

Coded shifts with countably infinite generators are sources of interesting exam-
ples. Well-known examples are S-gap shifts [30] and the Dyck shift [27]. As shown
below, there exist intrinsically ergodic coded shifts for which the entropy density
fails. For more details on coded shifts, see [11, 28].

4.2.1. S-gap shifts. Let S be an infinite subset of NU {0}. An S-gap shift [30] is
a two-sided subshift on {1,2} defined by the rule that the number of 2’s between
consecutive 1’s is an integer in S. To be more precise, for a € A and n € N let
a" denote the n-fold concatenation of a and put a’ = ), the empty word. The
S-gap shift is the coded shift generated by {2"1: n € S} U {0}. Note that the full
shift {1,2}% is the S-gap shift with S = NU{0}. Generic S-gap shifts do not have
Bowen’s specification property [11, §3.3]. The entropy of the S-gap shift is log A,
where X is the unique solution to 1 = 37 _ca™" ! (see [30, Exercise 4.3.7]). The
natural decomposition (4.2) immediately gives #CP = 1 = #C? for any n € N,
and so the obstruction entropy to specification is 0. Hence, Theorem A applies to
any S-gap shift. Since ergodic measures on any S-gap shift are entropy dense [14],
Theorem B applies to any S-gap shift.

4.2.2. Coded shifts without the entropy density. Kucherenko et al. [28, Example 1]
considered coded shifts 3 on two symbols generated by {1°2°: i € I} U{0} where I
is an infinite subset of N. The natural decomposition (4.2) gives h(C?UC®) = 0 and
0= hjpeC(E) < hiop(X), and so Theorem A applies. Theorem B does not apply
since ergodic measures are not dense in M(X,0) and consequently the entropy
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density fails. Indeed, if both 1 and 2 appear in x € ¥ infinitely many times, then
we have
li L 0 1}: 1 L
ngxolon#{ze{,...,n oo = }—2,
provided the limit exists. For a € {1,2} define a>® € {1,2}% by (a*>); = a for
all ¢ € Z, and for x € X let J, denote the unit point mass at z. From the
above observation and Birkhoff’s ergodic theorem, it follows that any non-ergodic
measure of the form (1 — ¢)d1 + tda, t € (0,1) \ {1/2} cannot be approximated
by ergodic ones.

4.3. Multidimensional g-transformations. Let ¥ be a subshift. We say w =
wy - - Wy € L(X) s a left constraint if there exists v € L(X) such that wy - - - wy,v €
L(Y) and wv ¢ L(X). A right constraint is defined analogously. Let C*, C" denote
the collections of left constraints, right constraints respectively. If ¥ is topolog-
ically transitive, then C¢, C" form a complete list of obstructions to specification
[10, Theorem 1.6(1)]. Combining [10, Theorem 1.1], [10, Theorem 1.4], [10, Theo-
rem 1.6] we obtain the following statements.

Proposition 4.3. Let ¥ be a subshift.

(a) Suppose X is topologically transitive. If h(C'UCT) < hyop(3), then hyp..(E) <
hiop(X) holds and Theorem A applies.

(b) Suppose ¥ is one-sided and topologically exact: for anyw € L(X)\{0} there
exists N € N such that o™[w] = X. If h(C*) < hop(X), then hg..(X) <
hiop(X) holds and Theorem A applies.

Part (b) of Proposition 4.3 applies to many of the piecewise affine transfor-
mations investigated by Buzzi [8]. These are maps on [0,1)¢, d € N given by
T(x) = Bx + b mod Z¢, where B: R — R? is an expanding linear map and
b € RY. The coding space Xp of T is defined as in the case of piecewise mono-
tonic maps in §4.1, using the partition that consists of maximal open subsets of
(0,1)¢ on which T'(z) — Bz is constant. Buzzi showed that h(C*) < hip(X7), and
that Y is topologically exact if either (i) all eigenvalues of B exceed 1 + v/d in
absolute value, or (ii) B, b have all integer entries. Since the maps with d =1 are
almost the [-transformations, the maps with d > 2 are called multidimensional
B-transformations.

For the coding spaces of multidimensional S-transformations, little is known
when the obstruction entropy specification is 0, or when the entropy density holds
and Theorem B applies.

5. SUBSHIFTS WITH POSITIVE OBSTRUCTION ENTROPY TO SPECIFICATION

This last section is devoted to Theorem C. In §5.1 we introduce fat S-gap shifts
by modifying the definition of S-gap shifts. In §5.2 we complete the proof of
Theorem C by showing that any fat S-gap shift on N symbols, N > 3 has positive
obstruction entropy to specification.
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5.1. Fat S-gap shifts. Let S be an infinite subset of NU {0}. A fat S gap shift
is a two-sided subshift on {1,..., N}, N > 2 defined by the rule that the word
lengths of the words between consecutive 1’s are integers in S. More precisely, the
fat S-gap shift ¥ g5 on /N symbols is the coded shift generated by

(5.1) H={wl:we{2,...,N}", ne StU{d}.

Note that Xg5 is nothing but an S-gap shift, whose obstruction entropy to spec-
ification is 0. Note also that the full shift {1,..., N}% is the S-gap shift on N
symbols with S = N U {0}.

For all S € NU {0} and N > 2 we clearly have Xgnx D {2,..., N}%, and thus
htop(Xs,n) > log(N — 1). The next lemma asserts that this inequality is strict if
N > 3.

Lemma 5.1. For any infinite set S C N and any integer N > 3, we have
hiop(Esn) > log(N —1).

Proof. The original idea of the proof of this lemma is due to Climenhaga (https://
vaughnclimenhaga.wordpress.com/2014/09/08/entropy-of-s-gap-shifts/). For
ease of notation we set l, = #L,(Xs ). The radius of convergence of the power
series F(z) = >.°°  [,2" equals e Mor(Esv) | For k,n € N we set

Ak = {w® - w®: w0 w® e HA\ (D), |+ )] = n).

Then it is not difficult to prove the following properties:
(1) D252y A < .
(i) AL =(N—-1"1ifn—1€ S and AL = 0 otherwise.
(iti) AFH =31 Ak AL for all k, £ € N.

n—m -"m

We introduce a power series Fy(z) = Y oo AFz™ Then (iii) gives Fj(z) =

Fi_1(2)Fi(x) = --- = Fy(x)k. For all x > 0 we have
d Rt =) Fulz) =) Y A" < F(),
k=1 k=1 n=1 k=1

where the last inequality follows from (i). Let xy denote the unique positive solution
to the equation

N—1=> ((N-1)z)" <O<x<N1_1).

nes
By (ii) we have

Fifwo) = 30 Ay = 5 SOV~ D)™ = 1,

n=1 nes

which implies that F'(z() diverges. Hence the radius of convergence of F(x) does
not exceed g, and we obtain hip(Esn) > logay' > log(N — 1) as required. [



ERGODIC OPTIMIZATION FOR CONTINUOUS FUNCTIONS 23

5.2. Proof of Theorem C. Let S = {2": n € N} and let N > 3 be an integer.
We consider the fat S-gap shift ¥ = ¥g y. Lemma 5.1 gives hyop(X) > log(N —1).
Applying the natural decomposition of coded shifts in (4.2), we immediately get
h(CPUC?) =log(N — 1), and hence hiop(X) > log(N — 1) > hi .. (2). To complete

spec

the proof of Theorem C, it suffices to show that hZ.(¥) is strictly positive.

. spec -

To this end, let £(X) = CPGC?® be an arbitrary decomposition such that GM has
(W)-specification for all M € N. The definition of 3 gives wlw € L(X) for all
w € {2,...,N}*. Asin the proof of Proposition 2.4, for each w € {2,..., N}*\ {0}
we fix once and for all a decomposition

wlw = p(wlw) - c(wlw) - s(wlw), pwlw) € CP, c(wlw) € G, s(wlw) € C°.

Since the symbol 1 appears in wlw only once, it appears in only one of the three
words p(wlw), c(wlw), s(wlw). Note that p(wlw), c(wlw), s(wlw) can be the
empty word. We will use the following simple estimates for r € {p, s}:

(5.2) 0 < |r(wlw)| < |w| if 1 does not appear in r(wlw);

(5.3) lw| + 1 < |r(wlw)| < 2lw|+ 1 if 1 appears in r(wlw).

We estimate h(C? U C?) from below by constructing a countably infinite family
of finite-to-one maps that take values in C? U C®. We treat two cases separately.
Case 1: G C {2,...,N}*. For each ¢ € N we define a map ®;: {2,...,N}22 —

o+1 ~ ~
Unss (G UG by
(5.4) By(w) = s(wlw) if 1 appears in s(wlw),

p(wlw) otherwise.

For any w € {2,.. .,N}Qé, the symbol 1 does not appear in c¢(wlw) since G C
{2,...,N}*. By (5.3), if 1 appears in p(wlw) then 2¢ + 1 < |p(wlw)| < 21 + 1,
and if 1 appears in s(wlw) then 2¢ + 1 < |s(wlw)| < 2! + 1. Hence ®, is
well-defined.
For any w € {2,..., N}2, the symbol 1 appears in ®;(w) by the definition (5.4).
This implies that ®, is injective, and so
26141
# U @uc)| = #02,... NV 2 #{2,. . NP = (N = 1)
n=2¢+1
Pick n, € {2°+1,...,21 4+ 1} such that
Y gy (V=D
#(Cﬁe UCW) > W

Since lim inf,_,,, n, = oo, we have

L 1 L
h(CP U C®) > limsup — log #(Ch, UC,,))

I—oo T
(55) 1 N 1)nZ71 1
— 2
> lim sup — log W-1= = —log(N —1).
lsoo T Ny 2
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Case 2: G ¢ {2,...,N}*. We modify the argument in Case 1. Fix u € G\
{2,...,N}* for which there exist k > 2, u® u® {2, ... N}, u®, . ukD ¢
{2,...,N}*\ {0} such that

(5.6) w=u"1uM1 ..y * D1 ®)
Let t > 0 be a gap size for the (W)-specification of G. For each ¢ € N let
(5.7) ag=2"—2t — |u®| — 1.
In what follows we assume ¢ is large enough so that
2

(5.8) % > o1,
We define a map ¥,: {2,..., N}% — Ui’l:l:;ﬂ_l(éﬁ UC?) by
(5.9) ) (w) = s(wlw) if 1 ap[?ears in s(wlw),

p(wlw) otherwise.

Compare (5.9) with (5.4). To see that ¥, is well-defined, let w € {2,..., N}.
By (5.3), if the symbol 1 appears in p(wlw) then a; + 1 < |p(wlw)| < 2a, + 1,
and if 1 appears in s(wlw) then a; + 1 < |s(wlw)| < 2a, + 1. If 1 appears in
c(wlw), then the definition (5.9) gives ¥y(w) = p(wlw), and the lemma below
yields a; — 271 < |p(wlw)| < ay. Hence ¥, is well-defined.

Lemma 5.2. If w € {2,...,N}% and the symbol 1 appears in c(wlw), then ay —
271 < p(wlw)| < ay.

Proof. The upper bound follows from (5.2). To prove the lower bound, note that
there exist v,v’ € {2,..., N}* such that
c(wlw) = vlv'.

Then we have wlw = p(wlw) - v1v" - s(wlw), and so v is a subword of w and
Ip(wlw)| = |w| — |v|. It suffices to show that |v| < 271
By (5.7) we have

(5.10) | < |w| = ap < 2¢ — 2t — [u®].

Since u, c(wlw) € G, there exists ' € £(X) such that |[u/| < ¢ and ww/c(wlw) €
L(Y), and hence 1u®u/vl € L(X). If 1 does not appear in «’, then it does not
appear in u®u'v either. Since X is the coded shift generated by #H in (5.1), it
follows that [u®u'v| € S. By (5.10) we have

] < [u®u'v| < [u®| + || + |w| < 2¢ =t < 2%

Since S does not intersect [2¢7! +1,2¢ — 1] NN, we obtain |v] < 271, If 1 appears
in «/, then let ¢ denote the word length of the longest suffix of ' that does not
contain 1. Then we have ¢ < |v/| < t and 1} (u')vl € L£(X) and 1 does not
appear in ¢}, (u')v. Since ¥ is the coded shift generated by H in (5.1), this implies
|i5 (u)v| =t + Jv| € S. Again by (5.10) we obtain

lo| <t +|v| <t +|w| < 2°
Since S does not intersect [2¢71 41, 2 —1]NN, we obtain |v| < 27! as required. O
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Lemma 5.3. U, is at most (N — 1) to 1.

Proof. Let w,w’ € {2,...,N}*, w # w' and suppose V,(w) = V,(w'). The
definition (5.9) implies that the symbol 1 appears in neither s(wlw) nor s(w’'lw’),
and Uy(w) = p(wlw), U,(w') = p(w'lw’).

If 1 does not appear in ¢(wlw) and appears in c¢(w'lw’), then by (5.2), (5.3) we
get [p(wlw)| > a,+1 and |p(w'lw’)| < a,, and so W,(w) # ¥y(w'), a contradiction.
If 1 appears in ¢(wlw) and does not appear in c(w’lw’), then we also obtain a
contradiction. If 1 appears in neither ¢(wlw) nor ¢(w’lw’), then it appears in both
p(wlw) and p(w'lw’), and so w = w', a contradiction. Therefore, 1 appears in
both c(wlw) and c¢(w'lw’). By Lemma 5.2 there exists k € {a,—2°"%, ..., as} such

that ¥ (w) = i®(w'). Therefore, W, is at most (N — 1)2" to 1. O
By Lemma 5.3 we have
2a,+1
U @uen| = ange.. v
n=a;—2¢1

> {2, NY(N = 1) = (N =12
Hence there exists ng € {a; — 27", ..., 2a, + 1} such that
(N— 1)(1@—2271 . (N— 1)%‘1Z S (N_ 1)
ag+2+2-1 7 5a,/3+2 T Bny+2

For the last inequality we have used (5.8). Since liminf, ., n, = 0o, we have

np—1
6

#(Ch UCL) >

L 1 .
h(C? U C?) > limsup - log #(Ch, UC;,)
l—o0 4

(5.11)

, 1 (N-D"% _1

> limsup — log ———— > —

JENSN 1Y ong + 2 6

Since £(X) = CPGC? is an arbitrary decomposition such that GM has (W)-specification
for all M € N, from (5.5) and (5.11) we obtain hg,..(3) > (1/6)log(N — 1). This

completes the proof of Theorem C. U

log(N —1).
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